UCLA Ec@nbmics
Spring 2001 : :
Quantitative Methods Comprehensive Examination

There are three sections with two questibns in each section. Please answer all the
questions; use a separate blue book for each of the three sections. A set of tables for the
normal and chi-square distributions are given at the end of the exam. :

1. Let X and Y have the following joint yp;r‘o‘babilivty density function:
fxy(z,y) = (1/(28%) exp(~z/u — y/(2p)),
for z and y positive.

(a) What are the mean and variance of X?.
(b) What are the mean and variance of Z = X + Y?
(c) What is the correlation of X and Y?

(d) Suppose that (X;,Y}),...,(Xn, Yy) are a random sample from this distribu-
tion. Find an unbiased estimator for u

(e) Find the Cramer-Rao bound for unbiased estimators for u.
-~ (f) Suppose N z; = 100, 3N 4 = 250, and N = 100. Calculate the maxi-

mum likelihood estimator and its approximate variance.

2. Let the marginal distribution of X be binomial with N =1 and p = 1/4. Condi-
tional on X, the random variable Y has a normal distribution with mean - (X +1)
and. variance 1.

(a) Find the marginal density of Y. _
(b) Suppose you have a random sample of size N from this joint distribution.
What is the maximum likelihood estimator and its large sample variance?

(c) Suppose you only observe y;,...,y~. Find'an unbiased estimator for u.
‘What is its large sample variance and how does that compare to that of the
maximum likelihood estimator derived before?
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(d) Suppose that N = 100, }:f;l z; = 25, Zf;l z;y; = 60, and Zf;l(l -y =
80. Test the null hypothesis that u = 1 against the alternative that u # 1 at
the 5% level using a likelihood ratio test.

(e) Repeat the test using a Wald test.



Part II.

1. Consider the model
Yi = TiB + & 1=1,..,7n

where z; is a single non-stochastic positive explanatory variable, § is a scalar
unknown parameter and ¢; is an unobservable error term that satisfies:

E (&) =0, E(e2) =2, E.(e,-e,-) =0 for all 5 # j

(a) Under what assumptions about o? is each of the following est_imatbrs best linear
unbiased for 37 ’

(i) b = 5%
(i) B = &2
(i) By = £ 5 (%)
(b) Let o? = 0%z? and ¥ z? = n. Show that
v (BGLS) _n
V (Bows) 2%

where V (BGLS> and V (BOLS) are the variances of the GLS and OLS'estimators
of 3, respectively.

2. Let
y=zf+¢

where ¥, € are n x 1 vectors and z is n x k matrix that satisfy all the assumptions
of the Classical Normal Regression Model.

(a) Show that the ML estimator of 0% = V (y;) is
1 A\ .
2 _ 1 —
OMLE = (y l'ﬂ) (y xﬁ)

where £ is the OLS estimator of 5.



(b) Show that E (63, ) — o’ = —t5?
(c) Show that V (6%,,z) = X2ro*
(
ti

d) Prove that 63,5 is a conmstent estimator of o State all a.ddltlonal assump-
ions and theorems that you use in your proof. ‘



Part III.

1 Suppose (x;, w;, €;) are i.i.d., where z; and ¢; are both 1 x 1 and w; is L x 1, and
let y; = z;0 + ¢;. Assume E(e,lw,) = 0 and E(e?|w;) = h(w;)c, where h(w;) is a
known function and a is an (unknown) scalar. For the following questions, state
any additional assumptions that are needed for your results.

(a) Suppose that we estimate 8 using the 2SLS estimator, with instruments w;.
Give an expression for fasrs. -

(b) Prove that BasLs is consistent.
(c) Derive the limiting distribution of v/n (Basis — B)?
(d) Let D = 157 h(w;)w;w!. Let B solve:
n - ! A n '
Proﬁde an explicit expression for § and show it is consistent.
(e) Derive the limiting distribution of V(B - B)?
2. Supéose that (yE, zs) are jointly‘i i.d., with z; binary (equal to O or 1). Suppose

that Pr(z; = 1) = 4, and suppose that conditional on z; = 0, y} ~ N(uo, 0?), and
condltlonal on x; = 1 yi ~ N(pa, 2)

(a) What function g(z;) minimizes the followmg
Bl - 9(@)’]

(b) Define a variable Yi, where

1 ify 20
%=1 0 otherwise

What function f(z;) minimizes
E[(y: — f(z:))?]
(c) Suppose o2 is known, and you observe (z;,y;) for a random sample of size n.

Suggest estimators for yg and p; and prove they are consistent.

(d) Derive the asymptotic distributions of your estimators in part (c). (Try to be
as specific as possible based on the information provided.)



Appendix A
Statistical and Data Tables

Table A.] Standard normal cumulative distribution function.

000 001 002 003 004 005 006 007 0.08 009
000 0500 0504 0508 0512 0516 0.520 0524 0.528 0532 0.536
010 0540 0544 0548 0.552 0.556 0.560 0.564 0567 0571 0.575
020 0579 0583 0.587 0591 0595 0599 0.603 0.606 0610 0614
030 0618 0622 0626 0629 0633 0.637 0641 0644 0648 0.652
040 0655 0.659 0663 0666 0.670 0674 0677 0681 0684 0688
050 0.691 0695 0698 0.702 0.705 0708 0.712 0.716 0.719 0.722
060 0726 0729 0732 073 0.739 0742 0.745 0.749 0.752 0.755
070 0.758 0.761 0.764 0.767 0.770 0773 0.776 0.779 0.782 0.785
0.80 0.788 0.791 0.794 0.797 0.800 0.802 0.805 0.808 0811 0.813
090 0816 0819 0821 0824 0826 0.829 0.831 0834 0836 0.839
1.00 0.84]1 0844 0846 0848 0851 0.853 0.855 0.858 0.860 0.862
1.10 0.864 0.867 0.869 0871 0.873 0.875 0.877 0.879 0.881 0.883
1.20 0.885 0.887 0.889 0891 0.893 0.894 0.896 0.898 0.900 0.90]
1.30 0.903 0905 0.907 0908 0910 0911 0913 0915 0916 0918
140 0919 0921 0922 0924 0925 0.926 0928 0929 0931 0932
1.50 0933 0934 0936 0937 0.938 0939 0941 0942 0943 0944
1.60 0945 0946 0947 0948 0949 0.95 1 0952 0953 0954 0.954
170 0955 00956 0957 0.958 0959 0.960 0.961 0962 0.962 0.963
1.80 0964 0965 0966 0.966 0.967 0968 0969 0969 0970 0971
190 0971 0972 0973 0973 0974 0974 0.975 0976 0976 0.977
200 0977 0978 0978 0979 0979 0.980 0.980 0.981 0981 0.982
210 0982 0983 0983 0983 00984 0984 0985 0.985 0985 0.986
290 0986 00986 0987 0987 0987 0988 0.988 0.988 0.989 0.989
230 0089 0990 0990 0990 099 0991 0.991 0991 0991 0.992
240 0992 0992 0992 0992 0993 0.993 0993 0993 0993 0.9%
950 0994 0994 0994 0994 0994 0995 0.995 0995 0.995 0.995
260 0995 0995 0996 0996 0996 0.9% 0.996 0996 0996 0.996
270 0997 0997 0997 0997 0997 0.997 0997 0997 0997 0997
2.80 0.997 0998 0998 0998 0998 0.998 0998 0998 0.998 0.998
290 00998 0998 0998 0998 0.998 0.998 0.998 0999 0999 0.999
300 0999 0999 0999 0999 0999 0993 0999 0.999 0.999 0.999

Example: 1f Z ~ N(0, 1), then Pr(Z < 1.15) = F(1.15) = 0.875.
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Table A.2 Chi-square cumulative distribution function. Table A.2 (continued)
G, ,, Gi)
k005 00 015 020 025 030 035 040 045 050 035 & 060 065 070 075 080 085 090 095 0975 0990 0.995
1 000 002 004 006 010 015 021 027 036 045 057 T o7l 087 - 107 132 164 207 271 384 502 663 7.88
2 010 021 033 045 058 071 08 102 120 139 1.60 2 183 210 241 277 322 379 461 599 738 921 10.60
3 035 058 080 101 121 142 164 187 211 237 2.64 3 9295 3928 366 411 464 532 625 781 935 1134 1284
4 071 106 137 165 192 219 247 275 305 336 369 4 404 444 488 539 59 674 778 949 1114 1328 14.86
5 115 161 199 234 267 300 333 366 400 435 473 5 518 557 606 665 729 812 934 11.07 1288 1509 1675
“ 6 164 220 266 307 345 38 420 457 495 535 577 6 621 660 723 7184 856 945 1064 1259 1445 168l 18.55
7 217 285 336 382 425 467 508 549 591 635 680 S 728 781 838 9004 080 1075 1202 1407 1601 1848 2028
: 8 273 349 408 459 507 553 598 642 688 734 783 8 835 891 952 1022 1108 1203 1836 1551 1753 2009 21.95
] 9 333 417 482 538 590 639 688 736 784 834 88 9 941 1001 1066 1139 1224 1320 1468 1692 1902 21.67 23.59
10 304 487 557 618 674 727 778 830 881 934 089 10 1047 1110 1178 1255 1344 1453 1599 1831 2048 2321 25.19
11 457 558 634 699 758 815 870 924 978 1034 1092 11 1158 1218 1290 1370 1468 1577 1728 1968 2192 24.72° 26.76
i 12 528 630 711 781 844 903 961 1018 1076 1134 1195 12 1258 1327 1401 1485 1581 1699 1855 21.03 2334 2622 2830
i 13 589 704 790 863 9530 993 1053 1113 1178 1234 1297 13 1364 1435 1512 1598 1698 1820 1981 2236 2474 2769 20.82
14 657 779 870 947 10.17 1082 1145 1208 1270 1334 1400 14 1469 1542 1622 17.12 1815 1941 2106 23.68 26.12 29.14 3132
; 15 7.26 855 950 1031 11.04 1172 1238 13.03 1368 1434 1502 15 1578 1640 1752 1825 1931 2060 2231 2500 2749 30.58 32.80
16 796 931 1031 1115 1191 1262 1331 1398 1466 1534  16.04 16 1678 17.56 1842 1937 2047 2179 2354 2630 2885 3200 3427
: 17 867 1009 1112 1200 1279 1353 1424 1494 1563 1634 17.06 17 1782 1863 1951 2049 2161 2298 2477 2759 3019 3341 35.72
18 939 1086 11951286 1368 1444 1517 1589 1661 1734 18.09 18 1887 1970 2060 2160 2276 24.16 2599 98.87 3153 34.81 387.16
19 1012 1165 1277 1372 1456 1535 16.11 1685 17.59 1834 19.11 19 1991 2076 2169 2272 2390 2533 27.20 30.14 32.85 36.19 38.58
90 10.85 1244 1360 1458 1545 1627 17.05 17.81 1857 1934  20.13 90 2005 2183 2277 2388 2504 2650 2841 3141 3417 37.57 4000
25 1461 1647 17.82 1894 1994 2087 21.75 2262 2347 2434 2522 95 9614 27.12 2817 2934 3068 3228 3438 38765 4065 4431 4693
s 30 1849 2060 22.11 2336 2448 2551 2649 2744 2839 2934 3031 30 3182 3238 3358 3480 3625 37.99 4026 43.77 4698 5089 5367
35 2247 2480 2646 27.84 2905 30.18 31.25 3228 3331 3434 38539 35 3647 B37.62 3886 4022 4178 4364 4606 49.80 5320 57.34 60.27
, 40 2651 29.05 30.86 32.34 33.66 3487 3602 37.13 3823 3934 4046 40 4162 4285 4416 4562 4727 4924 5181 5576 59.34 63.69 66.77
P 45 3061 3335 3529 36.88 38.20 39.58 4081 4200 43.16 4434 4553 45 4676 48.06 4945 5098 5273 5481 5751 6166 65.41 69.96 73.17
50 3476 37.69 39.75 4145 4294 4431 4561 46.86 48.10 4933 5059 50 51.89 5326 5472 5638 58.16 6035 63.17 67.50 7142 76.15 79.49
. .55 .38.96 42.06 4424 4604 4761 4906 5042 5174 5304 5433 5565 55 5702 5845 5098 6166 6358 6586 6880 73.31 77.38 82.29 85.75
; 60 43.19 4646 48.76 5064 52.29 53.81 5524 56.62 57.98 59.33  60.71 60 6218 6363 6523 6698 6897 7134 7440 79.08 83.30 88.38 91.95
3 . 65 4745 5088 5329 5526 56.99 5857 60.07 6151 6292 64.38  65.77 65 6725 6880 7046 7228 7435 7681 7097 8482 89.18 0442 9811
- 70 51.74 5533 57.84 5990 61.70 6335 6490 6640 67.87 6933 7082 70 72.86 7397 7569 7758 7971 8226 8553 9053 95.02 10043 104.21
75 5605 5079 6241 6455 6642 68.13 69.74 7120 7281 7438  75.88 75 7746 7913 8091 8286 8507 8760 9106 9622 10084 106.39 11029
80 60.39 6428 6699 6921 71.14 7292 7458 7619 77.76 79.33  80.93 80 8257 8428 8612 8813 9041 93.11 9658 101.88 106.63 11233 116.52
85 64.75 6878 71.59 73.88 7588 77.71 7943 81.09 8271 8433 8598 85 8767 8943 9152 9839 0573 9851 10208 10752 112.39 118.24 122.32
90 69.13 7329 7620 7856 8062 8251 8420 8599 87.67 89.33 9102 o0 9276 9458 0652 98.65 10105 103.90 107.57 113.15 118.14 124.12 128.30
95 73.52 77.82 8081 83.25 8538 8732 89.14 9090 9262 9433  96.07 05 9785 ©9.72 10172 103.90 106.36 109.29 113.04 118.75 123.86 129.97 134.25

, 100 77.93 8236 8544 87.95 90.13 9213 9400 9581 9757 99.33 10111 100 102.95 104.86 10691 100.14 111.67 11466 11850 12434 129.56 13581 140.17

P Example: 1f W ~ x*(6), then Pr(W = 4.20) = G4(4.20) = 0.35.




