Department of Economics Fall 2015
UCLA

Comprehensive Examination
Quantitative Methods

This exam consists of three parts. You are required to answer all the questions in all the parts.
Each part is worth 100 points, with relative weights given by the points by each question.
Allocate your time wisely. Good luck!



Part I - 203A

Question 1 (20 points)

Suppose that A1, A2, B1, and B2 are four mutually independent random variables, distributed
with, respectively, marginal cumulative distribution functions, F,, Fla,, Fp,, and Fp,. Assume
that Fu,, Fla,, Fp,, and F, are strictly increasing and differentiable. Let

A =min{A;,As} and B = min{B, By}

and
C = max{A, B}

Answer the following questions in terms of Fyu,, Fla,, Fis,, and Fp,.

(a; 10 points) Derive the probability densities of (A, B) and of C. Are A and B independent?
Justify your answers.

(b; 10 points) Let E = (A;)> + (B1)?. Derive the density of F.

Question 2 (80 points):

Consider the following model

Yi=a+ 8 Y+ ¢
Yo=0+7 X+

where «, 3, ), and y are parameters, the probability density of €5 conditional on X = x is, for
a parameter oy > 0,

() oo < 2y < 50

e %<%)2 —00 <1 <




The random variable €, is assumed to be distributed independently of X, and the (marginal)
density of X is given by

@—01) 61<$<02

fx (x)=

0 otherwise

for parameters 6; and 0.
The answers to (a)-(c) should be in terms of parameters.

(a; 10 points) What is the density of Y7 conditional on X = z for x in (0, 62)? What is the
expectation of Y7

(b; 10 points) What is the probability that (Y2 > 0)? What is the probability that (X > 0)
conditional on &97

(c; 10 points) What is the joint cumulative distribution of (Y;,Y3)? What is the moment
generating function of Y57

Suppose now that the density of e5 conditional on X = x, for = in (6;,6s), is an unknown
continuous function, f., x—,, of €2 and x, and as above,

Yo=04+v X+ e

(d; 15 points) What can and what cannot be identified about the function f., x—, from the
distribution of (Y2, X) under the following cases?
(i) No additional information.
(ii) 6 =0 and v = 1.
(iii) For all for x in (04, 02) , the expectation of e5 given X = z is 0.
(iv) For all for = in (64, 62) .

0
/ Jealx=2(t) dt = 0.5

Justify your answers.

(e; 15 points) What can and what cannot be identified about the function f., x—, from the
probability that (Y3 > 0) conditional on X = z for all « in (6, 05) under the following cases?



(i) No additional information.

(ii) 6 =0 and v = 1.

(iii) For all for x in (01, 6s) , the expectation of &5 given X = z is 0.
(

iv) € and X are distributed independently.

Justify your answers.

Suppose that you can observe an i.i.d. sample {X;, X, ...} of size N from the distribution
of X.

(f; 20 points) Assume that ¢; > 0. Let ¢ = /(01 + 6,). Provide a consistent estimator

for ¢ and an approximate confidence interval, in terms of the observations.



Part II - 203B

Question 1

Suppose that
vi =i+

T; = 521'1 + gziz + v;,
where we assume that (i) (21, 2;2)" is independent of (g;,v;)"; (i) z;1 and z;, are independent of
each other; (iil) £ [z;1] = F |2i2] = E[e;] = E|v;]) = 0; (iv) E[24] = E[23]) = F ] = E[v?] = 1;
and (v) (24, 21, 2ig, €5,v5) 1 = 1,2, ... are i.i.d.

Question 1-1 (10 pts.)

No derivation is required for this question; your derivation will not be read anyway.
Let

B _ Z?:l Zi1Yi B _ 2?21 Zi2Yi
DY LT D
NI
Vi (B— 8

is asymptotically normal with mean zero. Provide numerical characterization of the asymptotic

It can be shown that

variance matrix. (You do not have to establish asymptotic normality. Just state the asymptotic
variance matrix. Your answer should take the form of numbers; an abstract formula will not
be accepted as an answer.)

Question 1-2 (10 pts.)

No derivation is required for this question; your derivation will not be read anyway.
Let

T ) (5w (5 )

(T
(T

denote 2SLS. It can be shown that /n (B — 6) is asymptotically normal with mean zero.

(0 wazd) (3 2i%1) " (3, #i)

=f+

Provide numerical characterization of the asymptotic variance. (You do not have to establish
asymptotic normality. Just state the asymptotic variance. Your answer should take the form
of a number; an abstract formula will not be accepted as an answer.)



Question 2 (10 pts.)

No derivation is required for this question; your derivation will not be read anyway.
Consider the following two-equation model:

Y1 =Yz + Buxs + Bz + €1
Yo = Va1 + Biax1 + Baxe + €2

where we assume that

T1&1 T1E2 0
FE ToE1 =F HIHISD) = 0
I3&1 T3E9 0

We know that

Y1 = X1 + 229 + 33 + Ug
Y2 = 4x1 + 5x9 + 613 + Uy

where
T1Uq T1Us 0
E ToUy =F ToUg = 0
T3Uq T3U2 0

What are the numerical values of s and [s?

Question 3 (20 pts.)

No derivation is required for this question; your derivation will not be read anyway.
Suppose that
Yi = o+ P + ¢
with (y;,2;)" i = 1,...,n iid., and E[g;] = E[2,6;] = 0. You are given the following data set
with n = 3:
Y1 X7 2 0
Y2 T2 = 0 1
Ys T3 4 2

The OLS estimates from a regression of y on a constant and x using the given data is

—1
[a] [1 1 1} 1(1] [1 1 1] 3 [1}
B 0r2]| 01 2], 1

and the residual vector is

2 10 1 1
e=(0|—111 {1}— -2
4 1 2 1



Assuming heteroskedasticity and using White’s heteroscedasticity corrected asymptotic variance
estimator, provide 95% asymptotic confidence interval for 5. If your answer involves a square
root, try to simplify as much as you can.

Question 4 (10 pts.)

No derivation is required for this question; your derivation will not be read anyway.
Suppose that
yz:51$z+€z izl,...,n

and that (i) (8;,x;,6;) @ = 1,2,... are i.i.d.; (ii) x;, B;, and &; are independent of each other;
(iii) ; ~ N (0,1), B; ~ N (B,1), &, ~ N (0,1). Note that 5 = E[5;]. Let

Z?:l 7

denote the coefficient of z; when y; is regressed on x;. What is the asymptotic distribution of

B=

vn <ﬁ — B)? Make sure that the asymptotic variance is a concrete number, not an abstract

formula.

Question 5 (20 pts.)

In this question, your derivation as well as your answer will be read and evaluated.
Suppose that we have

Yi = a+ fr;+¢g 1=1,...,10
Yi =y +0x; + ¢ i=11,...,20

We assume that x1, ..., 29 are nonstochastic, and that ¢; are i.i.d. such that &; ~ N (0,1). We
assume that

10 20
i=1

=11
10 20
d al=20, Y al=40
=1 =11

Let (Ei, 3) and (ﬁ, 25\) denote the OLS coefficients when y is regressed on a constant and z for
t=1,...,10 and 7 = 11,...,20. What is the distribution of (25\— B) — (6 — )7 (Your will get
at most 50% of the credit if you do not establish the joint distribution of (g, B) rigorously.)



Question 6 (20 pts.)

In this question, your derivation as well as your answer will be read and evaluated.
Suppose that
yi = Bizi + & i1=1,...,n
and that (i) (6, z;,¢;) @ = 1,2,... are i.i.d.; (ii) x; is independent of ;; (iii) x; ~ N (1,1);
and (iv) B;|x; ~ N (z;,1) and &; ~ N (0,1) are independent of each other. Let 5 denote the

coefficient of x; when y; is regressed on z;. What is the numerical value of plim <§ —F [ﬁz]> ?

You may want to recall that the moment generating function of N (u,0?) is exp (,ut + #)



Part III - 203C

1. A random variable X is called exponential(\) if it has the probability density function

[ Aexp(=Az), ifxz>0
J(@) = { 0, otherwise

Suppose that we have two independent random samples: {X;}?_, from exponential(#) and
{Y;}7L, from exponential(u).

(a) (10 points) Find the likelihood ratio test of Hy: 6 = p v.s. Hy: 0 # pu.
(b) (10 points) Show that the test in part (a) can be based on the statistic

Tn = Z?Zl Xz )
7 Zi:1 X+ Zj:l Y3

(c) (5 points) Find the finite sample distribution of T, ,, when Hj is true. Moreover, find
the critical value of the level-a test in part (a) based on T, ,,.

(d) (10 points) Find the asymptotic properties of the level-av test in (c) under Hy in
the following three separate scenarios: (i) n/m — 0; (ii) n/m — oo; and (iii)
n/m — c € (0, 00).

(e) (10 points) Find the asymptotic properties of the level-a test in (c) under H; in
the following three separate scenarios: (i) n/m — 0; (ii) n/m — oo; and (iii)

n/m — c € (0, 00).

2. Suppose {X;} is generated from the following model
Xy = 0Xy 1 + w4+ yuyq,

where u; is i.i.d. (0,02) with finite 4-th moment and || < 1. We have T observations
{X;}L,| from this process.

(a) (10 points) Find the spectral density of the process {X;}.

(b) (10 points) Show that E[(X; —0X;_1)X; 2] = 0 for any |#| < 1 and for any ~.
Construct the method of moment (MM) estimator of # and find its asymptotic
distribution.

(c) (10 points) Suppose that one is interested in testing Hy: 6 = 0 versus Hy: 6 #
0. Construct a test using the MM estimator in part (b) and study its asymptotic
properties under both Hy and H;.



(d) (10 points) Suppose that we know that 6 € (0,1) and v > 0. Prove or disprove the
following statement: # and ~ are identified by the following moment conditions

E [(Xt - gXt—l)Xt—Q] - 0
E[(Xi—0+7)Xi 1 +790X, 9)X; 3] =0"

(e) (15 points) Consider the LS estimator of 6:

5 L KXo
Vi X

From §n, we can construct the fitted residual u, = X, — ant,l fort=2,...,T, and

then construct the following statistic

_ 23;3 atat—l

T o~
thz U%

Under the conditions in (d), find the probability limit of p,.

Pn



Some Useful Theorems and Lemmas

Theorem 1 If X1, Xs,..., Xy are i.i.d. from exponential(\), then > X; is a gamma(k,\)
random variable. Moreover, if X is a gamma(ky, \) random variable, Y is a gamma(ka, \)
random variable, and X and Y are independent, then X/(X +Y) is a beta(ky, ks) random
variable whose pdf only depends on ki and k.

Theorem 2 (Martingale Convergence Theorem) Let {(X;, F;)}icz, be a martingale in
L2 Ifsup, F [|Xt|2] < 00, then X,, — X almost surely, where X, is some element in L.

Theorem 3 (Martingale CLT) Let {X;,,F:,} be a martingale difference array such that
E[|Xt,n]2+6} < A < 0o for some § > 0 and for allt and n. If 52 > §; > 0 for all n sufficiently
large and + "1 | X7, — 02 —, 0, then nzX, /5, —a N(0,1).

Theorem 4 (LLN of Linear Processes) Suppose that Z; is i.i.d. with mean zero and E[|Zy|] <
00. Let Xy = > 0" o rZi—k, where @y, is a sequence of real numbers with "> o k |px| < 0o. Then
n_l 2?11 Xt —a.s. 0.

Theorem 5 (CLT of Linear Processes) Suppose that Z, is i.i.d. with mean zero and E[Z] =
0y < o00. Let Xy = >"07 o puZi—k, where gy, is a sequence of real numbers with Y -, k*¢7 < co.
Then n=2 S0 X; —4 N [0,0(1)20%].

Theorem 6 (LLN of Sample Variance) Suppose that Z; is i.i.d. with mean zero and E[ZZ] =

0% < o00. Let X; = ZZio orZi_r, where @ is a sequence of real numbers with ZZOZO k:g&i < 00.
Then

1 n
- > XX —p Tx(h) = E[X, X, ). (1)
t=1

Theorem 7 (Donsker) Let {u:} be a sequence of random variables generated by uy = > oo etk =
©(L)ey, where {e;} ~ iid (0,02) with finite fourth moment and {¢x} is a sequence of constants
with 352 kok| < 00. Then Byn(-) = n2 2" wy — 4 AB(), where A = o.p(1).



