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Buyers often search across sellers to learn which product best fits their
needs. We study how sellers manage these search incentives through
their disclosure strategies (e.g., product trials, reviews, and recom-
mendations) and ask how competition affects information provision.
If sellers can observe the beliefs of buyers or can coordinate their strat-
egies, then there is an equilibrium in which sellers provide the “mo-
nopoly level” of information. In contrast, if buyers’ beliefs are private,
then there is an equilibrium in which sellers provide full information
as search costs vanish. Anonymity and coordination thus play impor-
tant roles in understanding how advice markets work.

I. Introduction

Starting with Stigler (1961), there has been a large literature examining
the incentives of buyers to search for better prices. This paper studies the
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incentives of buyers to search for better information and asks how sellers
manage these incentives through their disclosure strategies. We consider
a setting in which all sellers offer the same products and choose what in-
formation to disclose. Buyers then engage in costly random search across
sellers, trying to learn which product they prefer.

There are many environments that share these features. When one is
shopping online for a TV, many websites provide product information
and customer reviews and also provide links to Amazon, earning a com-
mission for each sale.! The websites therefore wish to steer customers
toward expensive TVs but must also provide enough information to pre-
vent customers from going elsewhere. Similarly, when a customer is look-
ing to invest his savings, a financial adviser gathers information about
his financial needs and provides advice but may stop soliciting informa-
tion if the customer expresses a preference for high-fee mutual funds.”
And when a patient is looking into an elective medical procedure, a doc-
tor can order tests that both inform the patient and potentially guide him
toward more lucrative procedures. In all these settings, a buyer can re-
ceive advice from many potential sellers, and one would hope that com-
petition enables buyers to become fully informed. Yet this is often not the
case. For example, Clemens and Gottlieb (2014) find that small changes
in Medicare fees lead to large changes in patients’ decisions, implying
that patients’ information depends on the incentives of their doctors.

In this paper, we study the role of competition in information provision
and show that its effectiveness depends on the information structure of
the market. We first show that competition is ineffectual if sellers can per-
fectly observe buyers’ beliefs or perfectly correlate their disclosures via a
coordination device. In either case, there is an equilibrium in which all
sellers choose the monopoly disclosure strategy, manipulating buyers
to purchase the most profitable rather than the most suitable product.
However, if sellers cannot fine-tune their disclosure strategies, then there
is an equilibrium in which they fully reveal all the information as search
costs vanish. Intuitively, a buyer can visit many sellers and accumulate
more and more information, forcing any given seller to match the market
and provide full information.

In the model, there are a large number of sellers (“she”) who sell the
same set of products. A large number of prospective buyers (“he”) ap-
proach sellers in order to learn which product best suits their needs. Each

Stanford Institute for Theoretical Economics, University of Technology Sydney, and Wash-
ington St. Louis.

" For example, techradar.com, 4k.com, cnet.com, and rtings.com.

? Mullainathan, Noeth, and Schoar (2012) document that when a customer holds a
high-fee “returns-chasing portfolio, advisers were significantly more supportive than for
either the company stock or the index portfolio” (12).
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COMPETITIVE INFORMATION DISCLOSURE 1967

seller chooses how much information to disclose by releasing a signal that
may increase or decrease a buyer’s assessment of the product, as in Kame-
nica and Gentzkow (2011).% After receiving the signal and updating his
belief, the buyer chooses whether to buy a product, exit, or pay a search
cost and randomly sample another seller. Different products yield differ-
ent profits for a seller, so she tries to steer the buyer toward products that
are more profitable, taking into account that the buyer can always move
on to a competitor.

We study how the disclosure by sellers depends on their information, as
captured by noise parameters («, 3). When a seller is approached by a
buyer, she observes a signal equal to the buyer’s belief with noise scaled
by «. She also has access to a coordination device with probability 1—8
or a noisy permutation with probability 3. The o-parameter captures the
degree to which a seller can condition her disclosure on the buyer’s belief.
For example, this represents the quality of past browsing data on a custom-
er’s cookies or the information a financial adviser can deduce from an in-
vestor’s portfolio. The B-parameter captures the degree to which a seller
can condition her disclosure on a coordination device. For example,
websites recommending TVs may use common marketing material pro-
vided by Amazon or third-party rating agencies (e.g., Energy Star) or may
collect their own independent customer reviews.

In Section III, we show that if sellers can either perfectly observe beliefs
(o« = 0) or perfectly coordinate their disclosures (8 = 0), then the mo-
nopoly disclosure strategy is always an equilibrium. In either case, if all
sellers use the monopoly strategy, then no buyer receives additional infor-
mation from searching a second time. The buyer thus has no incentive to
continue searching, and since the strategy maximizes profits, no seller
will defect. This monopoly strategy may be very undesirable for buyers:
if there is a single product, then it provides the buyer with no valuable in-
formation.

When sellers can observe buyers’ beliefs (o = 0), this monopoly equi-
librium is also unique in a wide range of environments. For example, if
there is a single product, the search cost implies that any one seller can
provide a little less information than the market, iteratively pushing the
equilibrium toward the monopoly outcome. The crucial condition is that,
given any nonmonopoly strategy, there are a series of local deviations that
lead to monopoly. More precisely, we show that the monopoly strategy is
the unique equilibrium if every nonmaximal belief (i.e., where profit dif-
fers from the maximum over all possible states) is improvable (i.e., a mo-
nopolist wishes to release some information). In addition to the single-

* More formally, a seller can choose any distribution of posteriors that average to the prior.
Kamenica and Gentzkow show that a monopolist’s optimal solution corresponds to the
concavification of her profit function.

This content downloaded from 128.097.206.224 on October 01, 2018 16:18:43 PM
All use subject to University of Chicago Press Terms and Conditions (http://www.journal s.uchicago.edu/t-and-c).



1968 JOURNAL OF POLITICAL ECONOMY

product example, this also covers cases in which there are two horizontally
differentiated products or many “niche” products.

In Section IV, we show that if sellers observe a noisy signal of buyers’
beliefs (o« > 0), then there exists a sequence of equilibria that converges
to full information as search costs vanish (i.e., full information is a limit
equilibrium). In equilibrium, buyers purchase from the first seller they
visit but have the option to continue searching and mimic a new buyer.
If all other sellers provide some information and search costs are small,
then a buyer can threaten to visit many of them and accumulate a large
amount of information. This forces the current seller to provide (almost)
full information. Anonymity is therefore a powerful force in enabling
buyers to become well informed.

We then study the uniqueness of equilibria when « > 0, focusing on
equilibria in which buyers purchase from the first seller.* If all sellers have
access to a perfect coordination device (8 = 0), then both monopolyand
full information are limit equilibria. However, if coordination is noisy
(8 > 0), full information is the unique limit equilibrium if every condi-
tional belief (i.e., the marginal of the prior on a subset of states) is fully
improvable (i.e., a monopolist prefers full information to no informa-
tion). Table 1 summarizes our existence results. In the case of our exam-
ple 1 (which features a single product and two states), these are the only
equilibria if the buyer is initially skeptical, preferring not to buy in the
absence of information.

Comparing these cases, the key is whether sellers can choose strategies
that discriminate between new and old buyers. When sellers can observe
buyers’ beliefs, it is optimal for them to provide less information to old
buyers who are already informed, undercutting the incentive to search
and undermining competition. Similarly, when sellers can coordinate,
they can use a disclosure strategy that is useful for a new buyer but unin-
formative for an old one. In contrast, when sellers cannot discriminate,
the option of going to a competitor forces sellers to provide all the per-
tinent information as search costs vanish. This finding is important for
applications. Our results provide a theoretical foundation for the notion
that tracking consumers can make them “exploitable” and suggest that
common marketing material or industry training courses can help finan-
cial advisers implicitly collude to the detriment of investors.”

Finally, in Section V, we explore several extensions. First, we argue that
our results are robust to heterogeneous buyers. Second, we consider a
case in which sellers can observe buyer shopping history but not beliefs

* Since all sellers sell identical products, it is natural to look at such equilibria. We dis-
cuss this assumption in Sec. II.

® For example, see “Google to Pay $17 Million to Settle Privacy Case,” New York Times
(November 18, 2013) or “Facebook Tries to Explain Its Privacy Settings but Advertising Still
Rules,” New York Times (November 13, 2014).
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TABLE 1
SuMMARY OF LimIT EQUILIBRIA

BELIEF OBSERVABILITY NOISE

COORDINATION NOISE a=0 a>0
B=0 Monopoly Monopoly and full information
6>0 Monopoly Full information

Note.—This table describes our existence results for limit equilibria, given the two noise
parameters (c, 3). In the case of example 1, these are the only equilibria if the buyer pre-
fers not to buy in the absence of information.

and show that since sellers can still discriminate between new and old
buyers, equilibria are monopolistic. Third, we argue that buyers create
a positive externality when they become anonymous (e.g., by deleting
cookies), thus providing a rationale for regulating tracking programs.

Literature—The paper contributes to the literature on search by allow-
ing sellers to choose information disclosure strategies. In the benchmark
model in which sellers choose prices, Diamond (1971) shows that all sell-
ers charge the monopoly price. Intuitively, the search cost allows any one
seller to raise her price slightly above the prices set by others without los-
ing customers.® We show that when sellers choose disclosure strategies,
the analysis depends on the information structure: when sellers can per-
fectly observe buyers’ beliefs, the logic is analogous to that in Diamond’s
model; however, when their observations are imperfect, competition in-
duces sellers to fully reveal the information. In contrast to the Diamond
model, when a seller provides information to a buyer, this changes his be-
liefs and changes how he acts at subsequent sellers.

The paper also contributes to a growing literature on information dis-
closure with competition based on the Kamenica-Gentzkow framework
(see also Aumann and Maschler 1995; Rayo and Segal 2010). Gentzkow
and Kamenica (2017b) consider a general model in which multiple firms
simultaneously release signals and provide conditions under which com-
peting firms release more information than colluding firms. Gentzkow
and Kamenica (2017a) study senders who release “coordinated” signals,
characterize the equilibrium, and show that competition increases infor-
mation. Hoffmann, Inderst, and Ottaviani (2014) suppose that heteroge-
neous sellers simultaneously release information to win over a customer
and show that competition increases information disclosure. Li and Nor-
man (2018a, 2018b) show that this result may fail if sellers move sequen-

° This result continues to hold if sellers make multiple offers to each buyer (Board and
Pycia 2014). However, it can break down if sellers sell heterogeneous products (Wolinsky
1986), buyers have multi-unit demand (Zhou 2014; Rhodes 2015), or buyers precommit to
a number of searches (Burdett and Judd 1983).
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tially, use independent signals, or use mixed strategies. In all these models,
a buyer receives the market information and then chooses his action; in
our model, the buyer must pay a search cost in order to acquire more in-
formation.’

We study sellers who choose disclosure strategies and obtain payoffs
that depend on buyers’ actions. For example, a website receives a com-
mission if a buyer purchases a TV from Amazon, a financial adviser re-
ceives a fee if she sells a mutual fund, and a doctor is reimbursed for pro-
cedures by Medicare. In contrast, Anderson and Renault (2006) study a
monopolist selling a single good who can choose both information and
prices (see also Lewis and Sappington 1994; Johnson and Myatt 2006).
They show that the seller should reveal whether the buyer’s value exceeds
the cost and charge a price equal to the buyer’s expected value; this im-
plements the efficient allocation and fully extracts from the buyer. More
generally (e.g., if there are two goods), the monopoly solution will be in-
efficient, and the forces we study will affect the effectiveness of search in
enhancing efficiency.

Finally, there is a large literature that studies costly acquisition of infor-
mation. For example, Wald (1947) and Moscarini and Smith (2001) con-
sider a decision maker who can purchase independent signals at a con-
stant marginal cost. In contrast, the information provided to our buyer
is chosen endogenously by strategic sellers.

II. Model Setup

Overview.—There is a unit mass of sellers offering the same set of prod-
ucts. Time is discrete, with a unit mass of buyers entering each period;
each buyer searches for one product. When a buyer approaches a seller,
the seller observes a signal about the buyer’s belief and decides how
much information to disclose. The buyer then chooses whether to buy,
exit, or continue searching. Our results will depend on two parameters:
o, which determines the accuracy of the sellers’ signals, and (3, which de-
termines the sellers’ ability to coordinate their information disclosures.

" There are other related papers. Forand (2013) studies a model of information revela-
tion with directed search. Au (2015) and Ely (2017) study dynamic information disclosure
by a monopolistic seller. In addition, there are a variety of papers concerning the revelation
of information when the senders are informed. One literature considers verifiable infor-
mation (“persuasion games”). Here, Milgrom and Roberts (1986) find conditions under
which competition leads to full revelation, and Bhattacharya and Mukherjee (2013) con-
sider a model with multiple senders. A second literature supposes that information is un-
verifiable (“cheap talk”). Here, Crawford and Sobel (1982) characterize the structure of
communication, and Battaglini (2002) shows how multiple senders can increase the infor-
mation provided when senders have opposed preferences. Also related, Inderst and
Ottaviani (2012) consider a model with a single seller and study the choice of commission
rates chosen by upstream sellers.
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Information.—A buyer is initially uncertain about a finite set of payoff
states S that are relevant for his decision. There is also an independent co-
ordination device uniformly distributed on [0, 1] that sellers can use to
coordinate their disclosures.® Let @ := S x [0, 1] be the overall state space
and AQ be the set of all possible beliefs for the buyer. Buyers start with
an initial belief p, € AQ, where the payoff belief p, € AS is the marginal
of p, on Sand puts positive probability on every s € S. Denote a generic
prior by p and a generic payoff prior by p. When there are only new buyers
in the market, we will use p, and p synonymously.

Buyers are randomly matched with sellers. When a buyer approaches a
seller, the seller will have a prior 5, about the buyer’s belief.” The seller
then observes a private signal about the buyer’s belief, y = (1 — a)p + of,
where the random variable £ € R? has full support. The parameter « €
[0, 1] captures the noise of the signal, so @ = 0 corresponds to the case
in which sellers can perfectly observe buyers’ beliefs. Let Y be the space
of private signals and 7, be her inference about the buyer’s belief after re-
ceiving the signaly € Y.

Sellers’ strategy.—A seller chooses how much information to disclose to a
buyer based on the private signal y. With probability 1 — 8, the seller
chooses a general signal structure o§ : @ — AO over a signal space O that
allows her to coordinate with other sellers. With probability 3, the seller
does not have access to the coordination device and can send only an in-
dependent signal structure oy : S — AO. We denote the collection of signal
structures by of = (0y),.y and o = (0}),y and call them disclosure policies.
A seller’s strategy is then ¢ = (0¥, o).

After receiving a signal § € © from the seller, a buyer updates his belief
to form posterior q € AQ. Given a buyer with belief p, a signal structure oy
induces a posterior distribution Ky for the buyer such that the average pos-
terior coincides with the prior, J"Aﬂq Ky (dq) = p. Given a seller strategy o
and a signal realization y, a buyer with belief p faces a distribution of pos-
teriors Ky = (1 — B)Ky + BKy. When sellers observe buyers’ beliefs
(a = 0), we can drop the subscripty = p on the strategy and use the con-
densed notation K.

Buyers’ decisions.—After a buyer updates his belief to form a posterior
q € AQ, he chooses whether to (i) buy a product from the seller, (ii) exit
the market, or (iii) pay a search cost ¢> 0 and pick a new seller at random.
Each seller offers the same set of products {0, 1, ..., I}. Product i > 1 de-

® This formulation draws on Green and Stokey (1978) and Gentzkow and Kamenica
(2017a).

? In equilibrium, the seller’s prior 7, will be consistent with the strategies of other sellers
in the market.
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livers utility ;(s) to the buyer in state s € S and profit 7; > 0 to the seller."
We assume that different products yield different profits, that is, w; # ;
for all i # j. Product 0 is the exit option normalized so that u, is the zero
vector and m, = 0.

If a buyer with belief q € AQ decides to stop shopping, then let
i*(¢) = argmax,q - w; denote his optimal product.'’ We can define the in-
direct utility vector of the buyer by u(¢) = u, and the profit of the seller
by w(q) = . If abuyer decides to continue shopping, then he pays the
search cost and arrives at a new seller. The game then proceeds as above.

Value functions—Sellers choose their strategies to maximize profit. All
sellers have identical optimization problems with the buyer’s belief p be-
ing the only relevant state variable. We look for an equilibrium in symmet-
ric Markov strategies.'” If all other sellers choose a strategy o, then the
continuation value of a buyer with belief q is

Vio.q) = —c +E,

JAQ max{7r - u(r), V.(o,r)} Ky (dr)|,

where r - u(r) is the buyer’s expected utility when stopping and the ex-
pectation [, is taken over all realizations of y. A buyer purchases or exits
when his belief falls in a stopping set given by

Q.(0) = {q € AQg - u(g) = V.(o, q)}-
We will also let Q,(0) © AS denote the corresponding stopping payoff be-

liefs.

Best responses—Suppose other sellers in the market use strategy o. The
current seller begins with belief 5, about the buyer’s prior p and, after re-
ceiving the realization y € Y, updates her belief to form a posterior 7,.
She then chooses a strategy ¢ that solves

G

max| | w(p)Ky(da)n(dp).

Geometrically, given p, the seller’s optimal profits are given by the
concavification of 7 over beliefs in the stopping set Q. (o). If o solves this
problem, then we say it is optimal given o.

We will usually be interested in the case in which sellers have degener-
ate beliefs about the distribution of buyers they face, either because they

' As in Rayo and Segal (2010), a seller’s profit is pinned down by the product chosen by
the buyer.

" In equilibrium, ties are resolved in the seller’s favor. Similarly, a buyer purchases when
indifferent between stopping and continuing.

¥ That is, the strategy depends on neither calendar time nor the identity of the seller.
This assumption makes the analysis simpler but is not required for our motivating example
(see n. 17).
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can observe buyers’ beliefs or because they believe all buyers are new. Let-
ting 6 be the Dirac measure, then we have the following lemma:

Lemma 1. If a seller knows a buyer’s belief, in that », = ¢, for all y,
then it is optimal for her to sell with probability one.

The proof is in Section A.1 of the appendix.

Intuitively, suppose a seller sends a buyer to a belief outside his stop-
ping set with positive probability. Since she has access to arbitrary signals,
she can increase her profits by disclosing full information to this buyer
whenever he would have waited, while holding constant the information
she sends in all other situations.

If = 0,aseller observes buyers’ beliefs, meaning thatn, = §,. Lemmal
then implies that she sells with probability one. If o > 0, a seller observes
anoisy signal of the true belief. If the current seller believes that she faces
only new buyers, then her prior is degenerate, 7, = 6p,. Since the noise £
has full support, her prioris consistent with any realization of the signaly,
and Bayes’s rule implies that her posterior coincides with the prior,
ny = Op,, for any realization of y. Lemma 1 thus implies that if the seller
is correct about facing a new buyer, then she sells with probability one.

Equilibrium.—In a symmetric Markov perfect equilibrium o of this game,
(i) a seller’s strategy is optimal given that other sellers also use this strat-
egy, and (ii) sellers’ priors 5, are consistent with buyers’ behavior. Given
the discussion above, we consider a particular type of Markov perfect
equilibrium in which buyers purchase from the first seller; when clear,
we refer to these immediate purchase equilibria simply as equilibria. When be-
liefs are observable (o = 0), this assumption is without loss. When beliefs
are imperfectly observable (a > 0), then on path, itis optimal for a seller
to sell immediately if all other sellers sell immediately.

When « > 0, itis natural to ask whether equilibria with delay also exist.
In online appendix S.2, we show that if there is no coordination, then sell-
ing immediately is a weak best response to any Markov equilibrium strat-
egy; moreover, under some conditions (e.g., normal noise, £), itis a strict
best response, meaning that equilibria with delay cannot exist. Unfortu-
nately, lack of tractability makes it hard to say more when there is partial
coordination. Formally, this restriction does not affect theorems 1-3 but
does mean that the uniqueness result in theorem 4 applies only to imme-
diate purchase equilibria.

The discussion highlights the critical difference between perfectly ob-
servable beliefs (o = 0) and imperfectly observable beliefs (o > 0). In
the former case, sellers can see buyers’ beliefs and are thus correct both
on and off path, 5, = §,. In the latter case, sellers think they are facing
new buyers, 5, = 6,,, which is correct on path but not off path if a buyer
chooses to search. As we will see, this distinction generates the disparity
between the “monopoly” results in Section III and the “full-information”
results in Section IV.
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Remarks—As in Kamenica and Gentzkow (2011), we assume that the
seller has no private information about the payoff state. For example,
when a website provides information about TVs, it does not know the buy-
er’s preferences. When a financial adviser tries to help an investor, she
learns about his needs and has a fiduciary obligation to give the correct
advice conditional on this information. And when a doctor orders a test
for a patient, she does not know the outcome before it arrives."” In addi-
tion, the signal structure is assumed to be observed by both parties (e.g.,
the number of reviews on a website, the information acquired by the fi-
nancial adviser, or the tests ordered by the doctor)."

Sometimes we will consider equilibria without seller coordination.
When sellers choose policies ¢¢ = o' that are completely independent,
we call the strategy o simple and equate the strategy with the policy. If a
strategy delivers monopoly profits to the seller, then we call it a monopoly
strategy; the set of monopoly strategies coincides with the optimal disclo-
sure solution in Kamenica and Gentzkow (2011). Since there is a single
seller, we can ignore the coordination device, meaning that a monopoly
strategy is automatically a simple strategy on payoff beliefs. An equilib-
rium in which all sellers use a monopoly strategy is called a monopoly equi-
librium.

III. Monopoly Equilibria

In this section we show that the monopoly strategy is an equilibrium if
sellers can perfectly observe buyers’ beliefs (« = 0) or can perfectly coor-
dinate (8 = 0). For the former case, we then provide conditions under
which monopoly is the unique equilibrium. We first illustrate the main
forces through a simple single-product example.

A.  Motivating Example

Example 1 (Single product)—A seller has a single product to sell, there are
two payoff states {L, H}, and the buyer wishes to buy the product if state A
is more likely. For example, a consumer considers upgrading to anew TV
but does not know whether he will value the new technology. A sale gen-

" Gentzkow and Kamenica (2017c) provide a different interpretation: they show that
the outcome of the test can be privately observed by the seller if sellers’ messages are ver-
ifiable.

' If the buyer observes signal structures before visiting, then he can direct his search
toward the most informative, leading to Bertrand competition and full-information revela-
tion. While some companies develop reputations for revealing information (e.g., Best and
Quigley 2016), it is generally hard to describe an entire signal structure to customers be-
fore they have visited (e.g., when compared to describing a price).
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erates profits m = 1 for the seller. Payoffs to the buyerare u(L) = —1and
u(H) = 1, so the buyer prefers to buy if p = Pr(H) > %.

If there were a single seller, then the monopoly strategy from Kamenica
and Gentzkow (2011) provides just enough information to persuade the
buyer to buy. In other words, the monopoly strategy ¢ is given by'®

5, ifpeli 1]

(1 = 2p)dgoy + 2pbpyy if p e [0,5).

This is illustrated in figure 1A. If the buyer starts with a prior p > %, then
the seller provides no information and the buyer buys; if p < !4, then the
seller sends the buyer to posteriors 0 and %2 and the buyer buys with prob-
ability 2p. For shorthand, we will sometimes denote this binary signal by
the condensed notation p — {0, 4}.

If sellers perfectly observe buyers’ beliefs (« = 0), then the monopoly
strategy is an equilibrium. If all sellers choose this strategy, then a buyer
learns nothing from a second seller after leaving the first seller and thus,
given the search cost, buys immediately. Since the seller makes monopoly
profits, she has no incentive to deviate.

More surprising, the monopoly strategy is the unique equilibrium of the
game. To gain some intuition, fix b > % and suppose that all sellers pro-
vide a simple binary signal p — {0, 4} as illustrated in figure 1B. Call this
strategy o and observe that it induces a stopping set Q (o) =[0, [6/(2b —
1)]¢] U[b(1 — ¢), 1] as shown in the lower panel.' Now, consider a seller
who deviates and uses the less informative simple strategy p — {0, b(1—
¢)}. Since there is a strictly positive search cost, a buyer who receives this
signal will not subsequently search and this deviation strictly raises the sell-
er’s profits. As we prove below, this logic implies that whenever sellers pro-
vide more information than the monopoly strategy, there is a profitable de-
viation, analogous to the classic result of Diamond (1971)."

Similarly, if sellers can perfectly coordinate (8 = 0), then the coordinated
monopoly strategy is an equilibrium. Under such coordination, all sellers
provide the same signal, so a buyer will purchase after visiting the first seller.
Since this strategy yields monopoly profits, no seller has any incentive to
deviate. In contrast to the case of observed beliefs (o = 0), this equilibrium

K =

* Technically, there is a set of monopoly strategies that deliver monopoly profits to the
seller. Here, 0™ is the “one-shot” monopoly strategy defined in Sec. ITL.B.

' Note thatif (1 — ¢) < %, then Q,(s) = [0, 1] and the seller can trivially deviate to the
monopoly strategy.

'7 In fact, in this example we can show an even stronger result: the monopoly strategy is the
only rationalizable strategy. If we start with a stopping set Q, = {0} U {1}, then no matter
what other sellers do, a buyer purchases if his belief falls within Q; = [0, ¢] U [1 — ¢, 1]. Tter-
ating n > —log(2)/log(1 — ¢) rounds, [4, 1] © Q, and the monopoly strategy is the only
undominated strategy remaining.
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Buyer Buyer
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F1c. 1.—Single product (monopoly equilibrium). This figure illustrates example 1 when
sellers observe buyers’ beliefs (« = 0). Panel A shows that the monopoly strategy is an equi-
librium. The top panel shows the buyer’s payoffs: the bold line is the payoff from stopping
q - u(q), the shaded line is the expected payoff [,;r - u(r)K" (dr) under the monopoly strat-
egy o, and the dotted line is the buyer’s value function V,(¢", ¢). The bottom panel shows
the seller’s payoffs: the bold line is the profit function 7(¢) and the shaded line is the expected
profit [, ,+m(r)K; (dr). Panel B shows that a more informative strategy cannot be an equilib-
rium since a seller can raise her profits by providing a little less information, as illustrated by
the dashed line. Color version available as an online enhancement.

is not unique: if all other sellers fail to use the coordination device, then the
current seller has no incentive to use it either.

B. Monopoly Is an Equilibrium

We now return to the general model, with multiple states and multiple
products. We wish to show that if sellers can perfectly observe buyers’ be-
liefs (o« = 0) or perfectly coordinate (8 = 0), then monopoly is always an
equilibrium.

First, we need a preliminary result. Consider a monopolist who uses a
strategy o, and let A C AS be the set of absorbing beliefs in which no in-
formation is provided, that is, KJ = 6, for all p € A?. We say that such a
strategy is one-shot if it takes the buyer only to absorbing beliefs, that is,
K7 (A”) = 1 for all p € AS. This means the buyer gets no more informa-
tion if he were to return to the monopolist under o.

LemMA 2. There exists a one-shot monopoly strategy.
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Proof.  Kamenica and Gentzkow (2011) show that a monopolist’s profit,
which we denote by T, equals the concavification of the profit function
w. Let Rbe the set of beliefs in which the two functions coincide, that is,
IT*(¢) = 7(q). Consider the following strategy o™: the seller uses any op-
timal strategy if p & R and releases no information if p € R. First observe
that o™ takes the buyer to posteriors in R. The reason is that the optimal
strategy at any prior p must send the buyer to beliefs where no information
is optimal; otherwise, the seller should incorporate this information in her
initial signal. Second, using the definition of o, beliefs in Rare absorbing
so 0™ is one-shot. Since ¢ yields monopoly profits, it is thus a one-shot mo-
nopoly strategy. QED

We now present our first main result: monopoly is always an equilibrium.
Note that this also implies the existence of an equilibrium.

THEOREM 1. Suppose sellers can perfectly observe beliefs (« = 0) or
perfectly coordinate (8 = 0). There exists a monopoly equilibrium.

Proof.  First, suppose that « = 0 and all sellers use a simple one-shot
monopoly strategy 0", which exists by lemma 2. By definition, this strategy
sends buyers to absorbing beliefs, that is, KZ*(A"*) = 1. Since buyers receive
no information at absorbing beliefs, they stop, that s, A C Q(o*) Hence
the seller achieves her monopoly profit and has no incentive to deviate,
meaning that ¢* is an equilibrium.

Now suppose 8 = 0and let ¢ be the perfectly coordinated strategy cor-
responding to o Ifa buyer were to return to the market, then he would
receive no information, that is, Kg** = ¢, for all q in the support of K;**
for any p € AQ. Hence the buyer prefers to stop rather than continue, that
is, q € Q’(0**) for all q in the support of K3 for any p € AQ. Since the
seller cannot do better than achieving monopoly profits, she will not de-
viate, meaning that o™ is an equilibrium. QED

Intuitively, if all sellers use a one-shot monopoly strategy, a buyer re-
ceives only one round of information and therefore purchases from the
first seller. Since all sellers make monopoly profits, they have no incentive
to deviate. This logic relies on sellers’ ability to give information to new
buyers but not to old buyers, either because sellers can observe buyers’ be-
liefs or because they can perfectly coordinate their disclosure strategies.

C.  Uniqueness of the Monopoly Equilibrium

When sellers can perfectly coordinate (8 = 0), there is a monopoly equi-
librium even if buyers’ beliefs are imperfectly observed (« > 0). However,
if all other sellers use independent signals, then no one seller can coordi-
nate by herself. As we show in Section IV, this means that full-information
equilibria also exist as search costs vanish.

In contrast, when buyers’ beliefs are perfectly observed (o = 0), the mo-
nopoly equilibrium is “often” unique. Before establishing this result, we
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first provide an example of a nonmonopoly equilibrium. This motivates
the sufficient condition for the uniqueness result. For the remainder of
this section, we thus assume that beliefs are perfectly observed (a0 = 0).'®

Example 2 (Vertical differentiation).—Suppose there are two vertically dif-
ferentiated products and two payoff states L. and Hrepresenting the buy-
er’s taste for quality (e.g., Kamenica 2008, sec. IIA), with p = Pr(H). The
first product is a cheap, low-quality TV yielding utility w; = (—', %:); the
second is an expensive, high-quality TV yielding utility u» = (—1, 1). Thus,
the buyer prefers no TV if p € [0, %), the cheap TV if p € ['5,%), and the
expensive TVif p € [%, 1]. Assume that the expensive TV is more profitable
for the seller, thatis, m, = land m; = 3/2. The monopoly strategy s given
by

(1 = 3p)di0) + 3pdp if pe[0,5)
Ky = (2= 3p)8py + (3p — 1)y if pe [L.2)
5, if pe [2,1].

By theorem 1, this monopoly strategy is an equilibrium, as illustrated in
figure 2A. One can interpret this strategy as the seller recommending the
high-quality TV for high beliefs, recommending either the high- or low-
quality TV for intermediate beliefs, and recommending either the low-
quality TV or no TV for low beliefs.

When ¢ > 0 is small enough, there is also a second simple equilibrium
o in which sellers provide more information,

2 — 3p 3. .
Sior + L8 if 0,2
K = 5 %0 T o if pe(0,3)

5, if pe[2,1]

as illustrated in figure 2B. This gives rise to the stopping set Q.(o) =
[0,e,] U [% — &, 1] for some ¢ > 0 and & > 0. This strategy differs from
the monopoly strategy by never recommending the low-quality TV. As
shown in figure 2B, the presence of the search cost allows the seller to pro-
vide a little less information than her competitors. However, there is no
local deviation that is profitable: if a seller sends the buyer to p — {0,% —
g.}, then the seller’s profit would drop. There is also no profitable global
deviation: if the seller sends the buyer to p — {0, %} as under the monop-
oly strategy, then the buyer with belief /3 would refuse to buy, correctly an-
ticipating that other sellers will provide significantly more information.

' When the search cost c¢is sufficiently high, monopoly is trivially the unique equilibrium.
All of the results in this section apply to any positive search cost, including those arbitrarily
small. As one might expect, the set of equilibria is decreasing in the search cost; indeed, we
show in online app. S.1 that given any simple equilibrium for ¢ > 0, there is an equilibrium
forall ¢’ < ¢ with the same profits.
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We now provide a sufficient condition for monopoly to be the unique
equilibrium. We say that a belief p € AQis maximal if w(p) = max.sw(1,),
where S, C S is the support of the payoff belief p. We say that p is
nonmaximal if the equality fails. A belief p is improvable if a monopolist
would like to provide some nontrivial information, that is, II* (p) > w(p),
where IT"( p) is the monopoly profit. We first present a preliminary lemma.

LEMMA 3. Suppose a = 0. If any nonmaximal belief is improvable,
then in any equilibrium, a buyer stops at all maximal beliefs.

The proof is in the appendix, Section A.2.

To illustrate what it means for nonmaximal beliefs to be improvable,
consider figure 3A, where there are three products {1, 2, 3} with = >
Ty > 7. The set H; © AS denotes the set of payoff beliefs in which the
buyer favors product «. Note that 1, € H; for all i € {1,2, 3}, so the most
profitable product s favored in state s, the second most profitable in state
s, and the third most profitable in state s;. The shaded dark regions rep-
resent the set of maximal beliefs. This example satisfies the condition in
lemma 3: given any belief p thatis not maximal, a monopolist would choose
to release some information (i.e., p is improvable). In particular, the monop-
oly strategy can be decomposed in two steps. First, it releases a binary news
signal about s, taking the prior p — {qi, ¢}, where ¢ just persuades the
buyer to buy the first product and ¢ is on the edge between s, and s;. Sec-
ond, the strategy releases a binary signal about s, such that ¢ — {¢, 1, },
where ¢ just persuades the buyer to purchase product 2."

To understand lemma 3, suppose by contradiction that there is a max-
imal payoff belief in H, thatis not in the stopping set Q.(¢) of some equi-
librium strategy o. A buyer with a belief on the boundary of Q,.(¢) N H,
gets no information since he purchases the most profitable product. By a
continuity argument, we can find a belief close enough to the boundary
but not in the stopping set such that the buyer gets very little informa-
tion. Since the search cost is strictly positive, this small amount of infor-
mation is not enough to incentivize the buyer to shop, so the buyer stops
at that belief, yielding a contradiction. This shows that the buyer stops at
any belief in H,, and the proof follows by applying the same argument to
all maximal beliefs.

Given this lemma, we have the following uniqueness result:

THEOREM 2. Suppose a = 0. Any equilibrium is monopoly if every
nonmaximal belief is improvable.

Proof. If othersellers use some equilibrium strategy o, the currentseller
can send the buyer to any belief i in the stopping set Q, (o). Suppose she uses
the one-shot monopolystrategy o , which exists by lemma 2. This sends the
buyer to beliefs in its absorbing set A”", which are unimprovable and thus,

' If pis maximal, then there is some freedom about the monopoly strategy; but since the
buyer’s decision is the same (he buys the product), such differences are payoff-irrelevant.
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F16. 3.—Uniqueness of monopoly equilibrium. Panel A shows the monopoly strategy
when all nonmaximal beliefs are improvable. The shaded dark regions (H,, 1, and the seg-
ment from ¢ to 1,) represent the set of maximal beliefs. In this case, maximal beliefs are in
the stopping set of any equilibrium. Panel B shows that other equilibria can exist when the
sufficient condition fails. The belief pis nonmaximal and is unimprovable when the second
product is sufficiently profitable. For small ¢, there is a nonmonopoly equilibrium in which
all sellers “skip over” product 2 and send the buyer p — { ¢, 1, }. Color version available as an
online enhancement.

q

by the premise, maximal. By lemma 3, these beliefs must be in the stopping
set Q.(0). Hence the seller can attain her monopoly profits, as required.
QED

One can understand the uniqueness result in terms of “local deviations”
as in example 1 or figure 3A. Whenever the monopolist sends the buyer
only to beliefs that are maximal, then no matter what the other sellers
do, one seller can always provide a little less information and creep closer
to the monopoly outcome. This logic does not apply when a monopolist
wishes to use products in the middle of the probability space as in exam-
ple 2 or figure 35.

The following corollary illustrates a wide range of cases in which the
sufficient condition in theorem 2 holds.

CoroLLARY 1. Suppose o = 0. All equilibria are monopoly if

i. there is one product,
ii. there are two “horizontally differentiated” products in that u; (s) >
0 implies us(s) < 0, and
iii. products are “niche” in that p - w; > 0 implies p - u; < 0 for any

j#i

The proof is in the appendix, Section A.3.

Corollary 1 provides sufficient conditions for uniqueness. Parti consid-
ers the case of a single product, extending example 1 to any finite num-
ber of states. Part ii considers two “horizontally differentiated” products
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asillustrated in figure 2C, where in each state, buyers want only one prod-
uct or the other, although for intermediate beliefs they may want both.
Finally, partiii considers a large number of “niche” products as illustrated
in figure 3A, where buyers want only one product at any given belief.

It is notable that the improvability condition in theorem 2 involves only
the monopoly strategy and is therefore stricter than required. For exam-
ple, consider a reversed version of example 2 in which the low-quality
product is more profitable than the high-quality product, and p € (0, ).
While this does not satisfy the sufficient condition, monopoly is still the
unique equilibrium since any seller can raise her profits by providing slightly
less information than the market. More generally, one could show unique-
ness by checking whether profits drop along each path of local deviations;
this depends on how buyer-optimal products are ordered in belief space.

IV. Full-Information Equilibria

In this section, we suppose that sellers imperfectly observe buyers’ beliefs
(ce > 0). Our first result is that, as search costs vanish, there is a sequence
of equilibria that converges to full information. We then derive conditions
under which all equilibria reveal full information as search costs vanish, in
stark contrast to the results in the last section.

Given that there are only new buyers on path, sellers have a degenerate
prior ny = §,,, ignore the noisy signal y, and thus have degenerate beliefs
7y = 6,,. We can therefore drop the subscript y and let o¢ and o’ denote
the general and independent signal structures, respectively, which we will
refer to as policies without loss of generality.

We now describe how buyers update their payoff beliefs when they re-
ceive independent signals from a seller. Let r(f) be the posterior of a buyer
with prior p after observing a signal 6 € ©, and let 7,() denote the poste-
rior of a buyer with prior ¢ who observes the same signal. As shown by
Alonso and Camara (2016), the posteriors of the two buyers are related
as follows:

7,(0) = &,(r(9)),

where ¢, : AS — ASis amapping from the posteriors of buyer p to the pos-
teriors of buyer ¢ satisfying Bayes’s rule,
r(s)
9(s)5
s
8,000 = — L0 M
E /q(sr) : sl
p(s)
Intuitively, for any two buyers, the proportionality of their likelihood ra-
tios for any two states remains constant when we update via Bayes’s rule.

This content downloaded from 128.097.206.224 on October 01, 2018 16:18:43 PM
All use subject to University of Chicago Press Terms and Conditions (http://www.journal s.uchicago.edu/t-and-c).



COMPETITIVE INFORMATION DISCLOSURE 1983

That s, if buyer ¢ starts off twice as optimistic as buyer p, then buyer ¢ will
remain twice as optimistic as p after any signal realization.

This section will be interested in convergence results as search costs
get small. A limit equilibrium is a sequence of equilibria o, and associated
search costs ¢, — 0 such that the buyer’s equilibrium payoffs converge.
We say a strategy is fully informativeif it has full support on all degenerate
posteriors, and a limit equilibrium is full-information if the buyer’s equi-
librium payoffs converge to that of a fully informative strategy.

A.  Motivating Example

Example 1 (continued).—As before there are two payoff states {L, H}, and
the buyer’s initial prioris p = Pr(H). We first abstract from coordination
and assume that sellers use simple strategies. We claim that when p < %,
the only equilibrium strategy provides full information as ¢ — 0. Intui-
tively, since the monopoly strategy provides some information, as the cost
vanishes, a buyer can obtain a large number of signals at low cost and be-
come (almost) fully informed. Hence the current seller must provide (al-
most) full information in order to beat this outside option and make a
sale.

Since sellers use independent policies that do not depend on y, the
stopping sets are of the form Q,(¢) = [0, a] U [, 1], where a < 2 < b. The
reason is that information has no value at the boundaries and a buyer’s
value function is convex and increasing in the posterior ¢. As a result, the
seller’s optimal strategy is a binary signal p — {0, 6} as shown in figure 4A.
Moreover, a buyer with prior b will have posteriors b — {¢,(0), ¢,(b)}. Us-
ing equation (1), we get

b
&y(0) = — with probability ——,
b;_l; ra-pi=? z $:(0)

b
,(0) =0 with probability 1 — ———.
¢’ ( ) P y d)b(b)

By the definition of the stopping set Q (o), the buyer with belief » must be
indifferent between stopping and searching again, that is,

b

2% — 1= (D) [2¢,(b) — 1] — ¢.
Rearranging, this becomes
v —[1+p—c(l—plo+p=0. (2)

This content downloaded from 128.097.206.224 on October 01, 2018 16:18:43 PM
All use subject to University of Chicago Press Terms and Conditions (http://www.journal s.uchicago.edu/t-and-c).



1984 JOURNAL OF POLITICAL ECONOMY

Buyer Buyer

c>0

Seller Seller
(q)
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FiG. 4.—Single product (full-information equilibrium). This figure illustrates example 1
when sellers receive noisy signals about buyers’ beliefs (a > 0) and use simple strategies.
Panel A shows the unique equilibrium, which provides more information than a monopo-
list. Panel B shows that as the search cost vanishes, that is, ¢ — 0, this equilibrium converges
to full information. Color version available as an online enhancement.

Since p < ¥, for small search cost ¢, only the larger root & = b, of this qua-
dratic is greater than % and leads to a sale. Hence, the unique equilib-
rium is that sellers provide a signal p — {0, b}, which induces a stopping
set Q,(0) = [0,a] U [b, 1]. Moreover, as ¢ — 0, the value of searching in-
creases and b, — 1, as shown in figure 4B. This means that the seller pro-
vides full information.

When p > %, a monopolist would provide no information and there
are two limit equilibria as search costs vanish: full information and no in-
formation. First observe that “no information” is an equilibrium for any
search cost: if sellers provide no information, the buyer will not search;
and since “no information” is the monopoly strategy, no seller will defect.
There are two further equilibria that correspond to the two roots of the
quadratic in equation (2), which are denoted by {,, b.} C [%, 1]. As ¢ — 0,
b, — p, which corresponds to no information, whereas b, — 1, which corre-
sponds to full information. In summary, full information is always a limit
equilibrium and is the unique limit equilibrium if the monopolist provides
any information.

So far, we have abstracted from coordination. No matter the level of 3,
there is always an equilibrium in which sellers ignore the coordination de-
vice, inducing the full-information limit equilibrium above. Moreover, if
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coordination is imperfect (8 > 0) and the monopolist provides informa-
tion (p < %), then full information is the only limit equilibrium. Intuitively,
no matter what information the coordinating policy provides, there is at
least proportion 3 of potential sellers who provide nontrivial independent
information. Therefore, as the search cost vanishes, a buyer can obtain a
large number of signals at low cost and become almost fully informed.

This example shows that when sellers imperfectly observe buyers’ be-
liefs, equilibria can be much more informative than the monopoly strategy.
Crucially, when sellers can perfectly observe buyers’ beliefs, a buyer who
receives information from one seller obtains no useful information if he
were to go back to the market. However, when the observation of beliefs
is imperfect, the buyer can pretend to be uninformed and receive more
information from another seller in the market. The possibility of taking
this outside option enables competition to function.

B.  Full Information Is a Limit Equilibrium

We now return to the general model with multiple states and multiple
products and show that there always exists a full-information limit equilib-
rium.

THEOREM 3. Suppose a > 0. There exists a full-information limit equi-
librium.

The proof is in the appendix, Section B.2.

The basic intuition is as follows. Suppose sellers ignore the coordina-
tion device and use simple strategies. Although a buyer visits only one seller
on the equilibrium path, he always has the option of visiting other sellers
and obtaining new information. As the search cost vanishes, the buyer can
thus threaten to visit a growing number of sellers at a shrinking total cost.
This means that if each seller provides some information about each state,
the buyer will become fully informed. Hence the current seller has to
match the market and also provide full information.*

We now provide an overview of the proof. Fix a search cost ¢ > 0 and
suppose all other sellers use a simple strategy o. This generates a value
function V,(o, -) for the buyer and a corresponding stopping set Q. (o).
Faced with this stopping set, the current seller has a set of optimal simple
strategies that we denote by ¢,(0). In other words, the mapping o 3 ¢,.(0)
is the best-response correspondence. The set of all simple strategies is a
convex compact space. If the best-response correspondence ¢, is non-
empty, is convex-valued, and has a closed graph, then a direct application

* Note that theorem 3 does not say that the seller must provide full information but that
the limit equilibrium strategy must give the buyer his full-information payoff. Intuitively, a
buyer who makes the same decision in two different states will not pay a search cost to dis-
tinguish them.
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of the Kakutani-Fan-Glicksberg fixed-point theorem implies that an equi-
librium exists. Unfortunately, ¢, may not have a closed graph: as o, changes,
the set of stopping beliefs Q (o,) can increase, meaning that there are prod-
ucts available to the seller in the limit that are not available along the se-
quence, resulting in profits that may jump up discontinuously.*

To construct an equilibrium, we consider strategies that provide a lot of
information. For example, consider figure 5A, where the D, regions rep-
resent payoff beliefs such that the buyer’s stopping payoff is e-away from
that of full information. The first step is to observe that if all sellers use
strategies with support in D,, then when search costs are small, the best
response also has support in D,. Intuitively, if other sellers provide a lot
of information, then buyers have high continuation values and the stop-
ping sets are inside D,. Second, we show that ¢ has a closed graph. When ¢
is small, D, intersects only with beliefs in which products are chosen un-
der full information. This means that as other sellers change their strat-
egies, this does not affect the set of products that are available to the cur-
rent seller. Together, these properties imply that an equilibrium exists with
a payoff that is e-close to that of full information. We can then take ¢ — 0
as ¢ — 0 as required.

C.  Uniqueness of the Pull-Information Limit Equilibrium

Theorem 3 establishes that there always exists a full-iinformation limit equi-
librium. In this section, we characterize the set of limit equilibria and pro-
vide a sufficient condition under which the full-information limit equilib-
rium is unique.*

To illustrate our results, consider the example illustrated in figures 5B
and 5C, where there is a single product and p is the buyer’s initial prior
over the three payoff states S = {si, 5, s3}. For any event E C S, let p;, €
AS denote its conditional belief given E, that is, px(s) = p(s)/p(E) for s € E
(and pi(s) = 0for s & E). Figure 5B shows a limit equilibrium that is par-
titional and provides less than full information. Here, sellers provide inde-
pendent information about s, only, so a buyer’s posterior lies on the line
connecting the conditional beliefs p;,; and py, ;. From the current seller’s
perspective, a buyer near py, ,; purchases her product, so the seller has no
incentive to provide information about s, versus s;. As search costs go to
zero, buyers thus learn for sure whether s, is true or not but learn nothing
about s, versus ss; this limit equilibrium is thus characterized by the parti-
tion {{s;}, {so, s5}} and yields the buyer lower payoffs than full information.

* For example, suppose that in example 2 there is a sequence of simple strategies o,
such that Q.(o,) = [0,% — &,] U [%,1]. For all ¢, > 0, the optimal strategy is p — {0, %},
whereas the optimal strategy in the limit is no information.

* Theorem 1 shows that if there is perfect coordination (8 = 0), then monopoly is an
equilibrium; our discussion thus assumes that 3 > 0.
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F16. 5.—Limit equilibria. Panel A shows the construction of a full-information limit equi-
librium in the proof of theorem 3. It also shows that this limit is unique as every nontrivial
conditional belief is fully improvable. Panel B shows a limit equilibrium in which the buyer
learns only about s;. Note that p{s,, 53} is not fully improvable since the buyer purchases the
most profitable product possible at that conditional belief. Panel C shows the case in which
learning only about s, is not a limit equilibrium as p{s,, ss} is fully improvable. By theorem 4,
the unique limit equilibrium is full-information. Panel D shows an example in which p{s,, ss}
is not fully improvable, but learning only about s, is still not a limit equilibrium. Color ver-
sion available as an online enhancement.

In contrast, in figure 5C, we will see that full information is the only limit
equilibrium. In particular, the partition {{s}, {s., s5}} is no longer an equi-
librium. Intuitively, a buyer with belief close to py, ; does not buy, so the
seller can strictly increase her profits by providing information about s, ver-
sus s3; as long as sellers provide some information in this dimension, then
as search costs vanish, a buyer can visit many sellers and fully learn the state.
Hence, a single seller must match the market and the unique limit equilib-
rium is full-information.

We now formally characterize limit equilibria in terms of partitions. We
call a strategy partitional if it corresponds to revealing to the buyer a par-
tition £ of the payoff state space S. Given any independent policy o, we say
a partition &, is induced by o if for every event £ € £,, 5, s € E iff the pol-
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icy does not distinguish between them, that is, o(s) = o(s'). Finally, ob-
serve that since the space of independent policies is compact,”® we can
consider convergent sequences, o, — 0, where we call ¢ its limit.

LEmMA 4. Suppose a > 0 and 8 > 0. In any limit equilibrium, buyers’
payoffs exceed those from the partition induced by the limit of the inde-
pendent policies. Moreover, payoffs are equal if 8 = 1.

The proof is in Section B.3 of the appendix.

When sellers cannot coordinate (8 = 1), lemma 4 says that all limit
equilibria are partitional. Intuitively, if sellers use independent policies
that are informative about state s versus s’, then as the search cost vanishes,
a buyer can visit a large number of sellers, receive a large number of inde-
pendent signals, and perfectly distinguish between the two states in the
limit. In order to make a sale, any one seller must therefore match the mar-
ket by providing this information immediately to the buyer, meaning that
any limit equilibrium must be partitional.

However, there are a couple of subtleties with this intuition. First, as the
search cost vanishes, it may be the case that the information provided by
0, shrinks so that the partitions induced by each o, are richer than the
partition induced by the limit policy o. Even though a buyer can obtain
more and more signals for a given search expenditure, lemma 4 says that
his payoff is determined by the coarser partition corresponding to o. In-
tuitively, sellers provide enough information so that the buyer searches
only once on path, and his limit payoff is determined by the limit policy ¢.**

Second, when sellers can coordinate (8 < 1), limit equilibria may not
be partitional. This occurs when sellers’” independent policies do not dis-
tinguish between states sand s’, while the coordinating signal does, so the
buyer learns about the two states from only one draw of the coordinating
signal. This can be an equilibrium because if a seller defected and provided
independent information about sversus s’, then the buyer would continue
searching for the coordinated signal.* In such a case, lemma 4 says that
buyers still earn at least as much as from learning the partition induced
by the limit of sellers’ independent policies.

We now provide a sufficient condition for full information to be the
unique limit equilibrium. We say that a payoff belief p is nontrivial if there
are at least two products that a buyer with belief p could potentially buy;

* See lemma 9 in Sec. B.2 in the appendix.

* As an illustration, consider a reversed version of example 2 in which the low-quality
good is more profitable than the high-quality good. Suppose p > % and sellers provide van-
ishing amounts of information as ¢, — 0, so that Q. (0,) N [%4,%] = &. For any positive
search cost, &, = {{L}, {H}}, whereas in the limit, &, = {{L, H}}.

* Again, consider the reversed version of example 2 from n. 24. When p > % and the
cost is small, there is a nonpartitional limit equilibrium in which the coordinating policy
is a monopoly strategy (i.e., p — {%, 1}), while the independent policy reveals no informa-
tion. A buyer purchases after receiving either of these signals; in both cases, a subsequent
signal provides no additional value.
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COMPETITIVE INFORMATION DISCLOSURE 1989

thatis, w(1,) is not constant for all s € S,. Recall from Section III that a be-
lief is improvable if a monopolist prefers to release some information at
that belief. We say that a payoff belief p is fully improvable if a monopolist
prefers to release full information rather than no information, that is,
I(p) > w(p), where II(p) = Z,p(s)m(1,) is the fullinformation profit.

THEOREM 4. Suppose a > 0 and 8 > 0. Any limit equilibrium is full-
information if every nontrivial conditional belief is fully improvable.

This is proved in Section B.4 of the appendix.

Intuitively, if a single seller would like to release a little information along
some dimension, a buyer can visit many sellers and accumulate this infor-
mation, thus forcing a seller to release full information to make a sale. To
prove this result, note that lemma 4 implies that buyers’ payoffs are bounded
below by the limit of the independent policies. We would thus like to take
an equilibrium in which sellers provide no independent information
aboutstate sversus s’ and show that any current seller would like to deviate
and provide some information. If the stopping set for the current seller in-
cludes all beliefs on the segment connecting sand s, then the result would
require only that a monopolist would want to release some information at
the conditional belief p ¢y (i.e., py, ¢y is improvable). However, this is com-
plicated by the two “subtleties” discussed after lemma 4. First, the partitions
induced by the independent policies can be discontinuous in the limit; so
even though the limit stopping set Q,(0) may contain the entire segment of
beliefs, each Q. (0,) may not (see n. 24). Second, with coordination, limit
equilibria may not even be partitional, so Q,(0) itself may not include the
segment (see n. 25). Nevertheless, a seller can always provide full informa-
tion at py, ;. Thus, theorem 4 states that if every conditional belief is fully
improvable, then any limit equilibrium is full-information.

In terms of the examples, example 1 (with p < %) and figures 5A and
5C satisfy full improvability, so full information is the only limit equilib-
rium. On the other hand, figure 5B does not satisfy full improvability and
full information is not the unique limit equilibrium.*

Itis notable that the full improvability condition in theorem 4 consid-
ers a monopolist’s incentives only at conditional beliefs and is therefore
stricter than required. Indeed, a partitional strategy that provides less than
full information can be ruled out in other ways. First, as suggested by the
above intuition, the partition may contain a conditional belief that is im-

* One can also ask whether monopoly is still an equilibrium with o > 0. When there is
no coordination (8 = 1), monopoly is generically a limit equilibrium iff the monopolist
provides no information. This follows from lemma 4 and the fact that a monopolist gener-
ically does not provide full information along any dimension. When there is coordination
(8 < 1), n. 25 illustrates that there can still be equilibria whereby the coordinated policy is
monopoly. However, in order for this to be an equilibrium, lemma 4 requires that the in-
dependent policy releases no information.
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provable (rather than fully improvable).?” Second, even if no conditional
beliefis improvable, there may be no sequence of equilibria that converges
to the strategy.®

Taken together, theorems 1-4 show how market outcomes depend on
whether sellers can observe buyers’ beliefs or coordinate their disclosures.
Under perfect observation of beliefs or perfect coordination, monopoly is
an equilibrium. Intuitively, sellers can discriminate between new and old
buyers, allowing them to implicitly collude. However, under imperfect ob-
servation and imperfect coordination, full information is an equilibrium
and, if conditional beliefs are fully improvable, the only equilibrium. Even
though buyers purchase from the first seller on path, the option to anon-
ymously mimic an uninformed buyer and receive more information forces
sellers to compete against each other and provide much more information
to buyers.

V. Extensions

In this section we discuss a number of extensions and applications. For
simplicity, we discuss all the issues in the context of the two-state, single-
product example (example 1) and abstract from the possibility of coordi-
nation; that is, we set 8 = 1.

The model assumes that buyers have a common prior p,. We first argue
that the spirit of our results is not affected if priors were heterogeneous.
To see this, suppose that the prior is py € {p, pu} with probabilities {f;, fi}.
If sellers can perfectly observe buyers’ beliefs, they can condition their
disclosure strategy on the buyer’s type. Hence, monopoly is the unique
equilibrium for any search cost exactly as in Section III.A. In contrast,
if sellers imperfectly observe buyers’ beliefs, then full information is a
limit equilibrium as in Section IV.A. This is easiest to see if buyers’ beliefs
are private (o = 1), so disclosure policies are independent of y and buy-
ers’ acceptance sets are of the form Q,(o) = [0, a] U [b, 1] for a < % < b.
If other sellers provide a lot of information, then b = 1 and it is optimal
for the current seller to use a strategy that sells to both types, that is,
pr. — {0, b}.* Replacing pwith p, in Section IV.A, this means that a buyer

" For example, consider example 2 with p € (!4,%) and no coordination (8 = 1). Even
though pis not fully improvable, the no-information limit equilibrium can be ruled out be-
cause a seller can always earn higher profits by sending the buyer to p — {p — ¢,1 — ¢} for
small ¢ > 0.

* For example, consider fig. 5D with three payoff states and two goods. Given the par-
tition € = {{s}, {s, s} }, the seller has no incentive to provide information about s, vs.
s3 since .,y is unimprovable. However, away from the limit, the seller wishes to provide
information about s, vs. s;. In particular, the seller would like to send the buyer to posterior
rrather than ¢, meaning that there is no limit equilibrium that corresponds to €.

* If the seller sells to both types, then its profits are bounded below by fip, + fupu,
which can be attained by releasing full information. If the seller sells to p;; only, then its
profits are f;; /b, which is smaller when b ~ 1.
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COMPETITIVE INFORMATION DISCLOSURE 1991

can become fully informed as ¢ — 0 and the equilibrium converges to full
information. Moreover, when p;; < %%, full information is the only limit
equilibrium. Intuitively, if there are lots of p, types, then the seller always
sells to both types, thatis, p;, — {0, b} as above. If there are lots of pytypes,
then the low types may stay in the market for multiple periods; neverthe-
less, the seller always sells to p;, types immediately, and so the signal is at
least as informative as p; — {0, b}.* In either case, buyers become fully
informed as search costs vanish and sellers provide full information in
the limit.

The model also assumes that sellers observe signals of buyers’ beliefs,
leading to the dichotomy between the cases with perfect observability
(a = 0) and imperfect observability (« > 0). We now claim that the mo-
nopoly results of Section III.A carry over to a model in which sellers ob-
serve which sellers a buyer has visited in the past and their signal structures
but not the resulting belief. First, one can see that there is an equilibrium
in which the first seller provides the monopoly level of information and
subsequent sellers provide no information. Given such strategies, a buyer
purchases from the first seller who makes monopoly profits. If a buyer de-
viates and searches, then any subsequent seller knows that the buyer’s
belief is already in the acceptance set and thus provides no more informa-
tion. Second, under the assumptions of example 1, this monopoly strategy
is the unique equilibrium. Given an acceptance set of the form Q,(o) =
[0, @] U [b, 1], the first seller uses a binary signal, p — {0, &, }. If the buyer
approaches seller 2, then she knows that the buyer’s belief ¢lies in {0, 4,}. If
g = 0, seller 2 cannot affect the buyer’s posterior, so she should assume
that ¢ = &. Given an acceptance set Q,(a) = [0, as] U [by, 1], seller 2 thus
uses a binary signal & — {0, &}. Crucially, seller 2 would use exactly the
same strategy if she could observe the belief of the buyer. The same logic
applies to subsequent sellers, so the equilibria of the game coincide with
those of the game in Section IILA. Given that the monopoly strategy is
the only rationalizable outcome (see n. 17), itis also the unique equilibrium
here. Intuitively, the logic behind the monopoly outcome relies on the seller
being able to discriminate between new and old buyers; seeing the history of
the buyer’s shopping behavior is sufficient for this.

As a final extension, one might think that buyers can affect whether
their beliefs are observed by sellers. This may mean browsing the internet
anonymously or being tight-lipped when a financial adviser asks about
their portfolio. By deleting their cookies, anonymous buyers exert a pos-
itive externality on others. Intuitively, when faced with an anonymous

* To see this, the first step is to show that the seller uses a binary signal of the form
pu— {0, r}; this follows from the fact that “bad news” that lowers beliefs never leads to a sale,
so the seller should send the buyer to posterior ¢ = 0. The second step is to show the seller to
prnimmediately; if this did not happen, then a seller can provide “two rounds” of information
and raise her profits.
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buyer, a seller provides more information, anticipating that he can return
to the marketand pose as a new buyer. This extra information benefits both
new and anonymous buyers. However, if there is a small cost to becoming
anonymous, then there is no equilibrium in which all buyers choose to do
so. If this were the case, then sellers would reveal enough information to
prevent an anonymous buyer from searching again; hence any anonymous
buyer obtains the same payoff as one who can be tracked, while the former
has to pay the fixed cost. This externality may provide a rationale for regu-
lating online tracking, encouraging sellers to provide more information to
their customers.

V1. Conclusion

This paper studies a market in which buyers search for better information
about products and sellers choose how much information to disclose. This
is particularly applicable to markets in which intermediaries provide advice
and are compensated via commission, such as when websites recommend
products, financial advisers advise on mutual funds, and doctors suggest
different medical treatments. This also applies to areas such as organiza-
tional economics and political economy. For example, consider a CEO
(“buyer”) who is interested in investing in a new innovation and sequen-
tially approaches potential project managers (“sellers”) to investigate the
market potential and report back. While the CEO wants to maximize com-
pany profits, the managers want the firm to make the investment and be
chosen to lead the project.

It has been widely recognized that if there is a single seller, then the ad-
vice she provides will be distorted in her interest (e.g., high-commission
products). However, one might think that competition is a substitute for
regulation: intuitively, a buyer can visit many sellers and buy from the one
who gives the best advice. Since competition is quite extensive among web-
sites, financial advisers, and doctors, this would suggest that regulation
would be unnecessary. Our analysis suggests that the impact of competi-
tion in advice markets depends on the information structure of the mar-
ket. We show that even if there are many competing sellers, the monopoly
disclosure strategy is an equilibrium if sellers can observe buyers’ beliefs
or can successfully coordinate their disclosures. In either case, sellers can
provide less information to old buyers than to new ones, discouraging buy-
ers from searching and undermining competition. On the other hand,
when sellers cannot fine-tune their disclosures, there is an equilibrium in
which sellers provide full information as search costs vanish. When buyers
search for information, they can visit many sellers and become better in-
formed. This forces any given seller to match the market and provide close
to full information in order to make a sale.
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COMPETITIVE INFORMATION DISCLOSURE 1993

On the normative side, our results suggest that the effectiveness of com-
petition depends on the details of the market. Thus, a regulator might be
able to enhance the role of competition without directly regulating com-
missions (e.g., the United Kingdom’s ban on commissions for financial
advisers). For example, regulators can make it harder to condition advice
on buyers’ beliefs by requiring financial advisers to describe a strategy for
clients before they see the customer’s current portfolio. Alternatively, reg-
ulators could make coordination harder by restricting the common mar-
keting materials provided by mutual funds, increasing the dispersion of
opinions. These forces are particularly powerful online, where sellers are
increasingly able to calibrate information disclosure to the needs and ex-
periences of the customer. Our results highlight the role that anonymity
can play in fostering competition between recommender systems and illus-
trate how tracking technology can undermine the competitive mechanism
and support collusive equilibria.

Appendix
A.  Proofs for Section 111
1. Proof of Lemma 1

Lemma 1 says that if a seller knows a buyer’s belief, that is, , = 6, then it is op-
timal for her to sell with probability one. In other words, the stopping set Q. (0) is
almost sure under the measure Ky’ for any possible realization of y given p. We
will prove a stronger version of this below, which will be useful for proving subse-
quent results.

LemMA 5. Suppose ¢ is optimal given o. If o = 0, then for all p € AQ,
KZ(Q.(0)) = 1. Moreover, if ¢ = ¢ is an equilibrium, then

Vio,p) = —c + Jq u(q) K: (da). (AD)

If « > 0 and 7y = §,,, then the same holds for p = p,.

Proof. Let ¢ be optimal given 0 and Q = Q,(0) be the corresponding stopping
set. First, consider the case in which o = 0 so the seller knows the buyer’s belief,
thatis, n, = 8, for any buyer with belief p = y. Let p = KJ be the distribution on
posteriors induced by 4, so profit is given by [, m(r)u(dr). We will show that the
buyer will always choose to purchase from the seller, that is, u(Q) = 1.

Suppose otherwise, so u puts strictly positive weight outside Q. Consider the
following deviation: provide an independent draw of full information to all buy-
ers who would have ended up outside Q under p. Call this new signal ¢ and let
v = Kj be the corresponding posterior distribution. The seller’s profit from us-
ing »is

Lw(v)»(dr) - medr) # [ T,

AQ\Q
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where II(r) is the seller’s profit from providing full information for a buyer with
payoff belief ». We now show that the second term on the right-hand side is strictly
positive. For any r that is not in Q, the buyer pays the search cost ¢ > 0 in order
to acquire some information. Hence, after being given full information, he must
purchase with strictly positive probability (else he should have just stopped atr).
Since all products have positive profits, this means that the seller strictly benefits
by providing full information at r, that is II(r) > 0. By assumption, p puts strictly
positive weight on beliefs outside Q, so the expected profit from using ¢ is strictly
larger than from &, contradicting the fact that ¢ is optimal. Hence, p must put all
its weight in Q and the buyer stops with probability one. Moreover, if 0 = ¢ is an
equilibrium, then we have

V(op) = o+ | max{q- ulg). Vio.9)}Kida)
= et J.mq ~u(g)K;(dq)

as desired.

Finally, consider the case of « > 0 and 5, = §,,. Recall from the text that from
the full-support assumption, this implies that for the initial prior p,, 7, = §,, for
all realizations of y. Everything now follows as above but for p = p,. QED

2. Proof of Lemma 3

Leta = 0 andsuppose that any nonmaximal beliefis improvable. Consider some
equilibrium ¢ and let

) = | =(pKslda)

be the corresponding profit from the equilibrium strategy. Fix some p that is max-
imal, that is,

w(p) = maxw(1ly) = «(1,) = m,
ses,
where 7, and s € S, are the corresponding profit and state. We will now show that
p is also a stopping belief under o, thatis, p € Q,(0).
Let H, be the set of payoff beliefs in which product kis chosen under no infor-
mation. Consider beliefs between p and some degenerate belief at s, that is,

pr = (1 = N)p + A,

for\ € [0, 1], and let p denote the corresponding payoff belief. Note thatsince ITis
concave and upper semicontinuous (see Aliprantis and Border 2006, lemma 17.30),
II(p») as a function of \ € [0, 1] is also concave and upper semicontinuous. This
implies that II(p,) as a function of N is continuous on [0, 1].

We will now use a continuity argument as A — 0 to show that the buyer stops at p.
By the contrapositive of our assumption, every belief that is not improvable must
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COMPETITIVE INFORMATION DISCLOSURE 1995

be maximal. This means that 7, is the highest attainable profitin AS,*' Note that
the convexity of H,implies that p) € H, as both p € H, and 1, € H,. Since 7, is the
highest attainable profit in AS,, 7, is also the monopoly profit at p, € H,, that is,
IT*(p) = m. This implies that

U(p,) = I*(p) = m.

Finally, define
X :=inf{\ € [0, 1](p,) = 7}

and p = p5. Note that by the continuity of II(p,), II(p) = .
We will now show that A = 0 so II(p) = m. Suppose otherwise so we can find
an increasing sequence N\, 7~ \. Let p, = p,, so by continuity

limIl(p,) = II(p) = m.

Since m, is the highest attainable profit, it must be that lim, K3 (H,) = 1. By the
definition of \, II(p,) < . Thus, p, cannot be in the stopping set Q.(o) since
otherwise the seller can achieve greater profits by providing no information. By
the definition of Q,(0), it must be that

pu-w < Vi(o,p,) = —c+ an' u(q)K;, (dq),

where the last the expression follows from equation (Al). Rearranging terms
yields

pow=|] )] o | ¢~ ()2 (da).
{aeAQige Hi} {qeAQ)q H,}

Note that both the left expression and the second term in the right expression
vanish as K3 (H,) — 1. Since ¢ > 0, we can find some A\, < X such that the above
inequality is not satisfied, implying p, € Q,(0), which yields a contradiction.
Thus, A = 0,50 II(p) = I(p) = .

Finally, since 7, is the most profitable productin AS,and II(p) = m, it must be
that K3 (H,) = 1. Hence, information has no effect on the buyer’s purchasing be-
havior, so the buyer might as well stop, that is, p € Q (0). QED

3. Proof of Corollary 1

We will show that in all three cases, nonmaximal beliefs are improvable and then
apply theorem 2. Let IT* denote the monopoly profit function. Note that part i fol-
lows trivially from either ii or iii. For part ii, consider two “horizontally differenti-
ated” products with m; > .. We will prove this by contradiction. Suppose there isa
belief p that is neither maximal nor improvable, so

' Suppose otherwise and let 7; > 7, be the highest attainable profitin AS,. Let ¢ € AS,
be such that 7(¢q) = ;. Clearly ¢ is not improvable, so it must be maximal, which contra-
dicts the definition of ,.
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I(p) = m <m = (1))

forsome s € §,. We will show thatitis a strictly profitable deviation for the seller to
provide a perfect signal about s. Since 1, € Hy, u(s) > 0 and “horizontal differen-
tiation” implies that 1, - us = us(s) < 0. Let r be the conditional belief knowing
that s is not true, that is,

P = p(s)L + [1 = p(s)lr,

where 1, is the conditional belief knowing that sis true. Note that 1, - u, < 0 and
p - us > 0imply thatr - u, > 0. Hence, the buyer chooses some profitable product
atrso w(r) > m,. This implies that the seller can earn a strictly higher payoff by
providing a perfect signal about state s, contradicting the fact that IT*(p) = .
Hence, all nonmaximal beliefs are improvable.

The argument for part iii is analogous. We prove it again by contradiction.
Suppose there is a belief p that is neither maximal nor improvable, so

o*(p) = m < m = «(1,),

where 7, is the statewise optimal productin §,and s € §,. Again, consider the de-
viation of providing a perfect signal about sand let r be the conditional belief know-
ing that s is not true, so p = p(s)1, + [1 — p(s)]r. By “nicheness” at 1,, 1, - u; >0
implies 1, - u; < 0. Since p - w; > 0, this implies that r - w; > 0 from the definition
of r. By “nicheness” at 7, this means that r - ; < 0 for all j # i. Hence, the profit
at ris at least that of 7, so by the same argument as before, the seller can obtain
a strictly higher payoff by providing a perfect signal about s, yielding a contradic-
tion. QED

B.  Proofs for Section IV

This section includes the proofs for theorems 3 and 4. In subsection B.1, we
first introduce some preliminary notation and results that will be useful in subsec-
tions B.2 and B.3 when we prove the theorems.

1. Preliminaries

We first establish some useful preliminary notation and results. First, note that
when « > 0, then all sellers ignore their private signaly. Thus, 0§ and o} are inde-
pendent of y; so without loss of generality, we let 0¥ and ¢’ denote the general and
independent signal structures. The value function of the buyer is now given by

V(o,q) = —¢c+ JAQ max{r - u(r), V.(o,r)}[(1 — B)K] + BK{|(dr).

Moreover, if a seller uses a simple strategy, then she provides only a single inde-
pendent signal structure, which we will simply refer to as the strategy.

When sellers use a simple strategy o, we can work only with payoff beliefs and a
buyer with the initial prior f, has posterior beliefs distributed according to Kj,.
Hence, we can associate a simple strategy o with its posterior distribution p = Kj,.
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COMPETITIVE INFORMATION DISCLOSURE 1997

Henceforth, we will use the simple strategy o and its associated posterior distri-
bution p on payoff beliefs in AS interchangeably. We will refer to p as the seller’s
strategy as well. Since signals are all independent, without loss we can define the
canonical signal space as the set of posterior beliefs of buyer p. In other words,
each signal realization corresponds to a posterior belief r € AS of the buyer with
prior p. The joint distribution of states and signals from the perspective of buyer p
is given by Bayes’s rule as

p(s)a(s, dr) = p(dr)r(s). (A2)

Now, a buyer with prior ¢has signal distribution u,, and for each signal realization
7, his posterior belief is ¢,(r), that is

q(s)a(s, dr) = p,(dr)[o,(r)](s).
Combining this with equation (A2) yields the following:

() = S0 5 (a3)

Z

Also recall the following expression for ¢,(r) from equation (1):

! /r(s/) j— @
[@(r)](s) Lgsq(s) ;T;/)] ~ 1950

Consider a buyer with prior ¢, who searches ¢ times when all sellers are using
strategy u. Let ¢, := ¢, (n) be his posterior belief in period ¢ given the ¢period
signal realization 7, € AS. Assuming zero search costs, his payoff at the end of
the ¢ periods is given by

Wi(p, g) = J(Ag)ymax(ul g g (dry) g (dry)pg, (dry).

i

When ¢ = 1, we justset W := W'. We first show that W' has a simpler expression.
LemMa 6. For any strategy u, belief ¢, and time period ¢,

2 utan) - )

Proof.  Using the expression for p, from equation (A3), we obtain

W) = | max( Sl

(@asy i

(s

W) = [ a0 S () 50 )= b Gt

(s)
- LAS)’m?X (2“1(5)’11(5) {Z‘IH (s) ;’Eg

Since ¢, = ¢, (r,), from equation (1), we have

, _ 7(s) Y e . .
W, o) = J(A.g),m,aX(gul(S)qH(S) p(s))”""(d 1) g (dre)p(dry).

Dmdm iy ().
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Repeating the above argument for each u, we obtain the desired expression
for W'. QED

We now show that if the signal is informative about some event, then the buyer
will eventually learn it. In order to prove this, recall some of the notation from
Section IV.C. Recall that p; denotes the conditional belief of event £ C S under
the prior p; thatis, pz(s) = p(s)/p(E) forall s € E and pp(s) = 0 otherwise. Given
any strategy p with corresponding signal structure o, let £, denote the smallest
such partition of Ssuch that a(s) = o(s') for every s, s’ € E € £,. Note that from
equation (A2), this implies that for s, s e E€ £,

r(s) 1 oy PO)

= . d N ,d N =
(5 = Plols dn) s = ol an B
so r(s)/r(s) = p(s)/p(s’) p-a.s. This means that conditional posteriors are equal
to the conditional priors; that is, 7 = p p-a.s. for all E € £,. Let uc denote the
limit partitional strategy given p, that is,

p(dr)

<

~

pe = > p(E)S,.

Ee€,

We now show that the payoff of a buyer who searches indefinitely eventually con-
verges to that of its limit partitional strategy.

LEmMMaA 7. For any strategy p, W'(p, ¢) = W(pe, q).

Proof.  Fix a strategy p and let £, be its limit partition. Since r(s)/p(s) =
r(E)/p(E) for all s € E € £,, we can rewrite W' from lemma 6 as

W’(M, ([) - J(Ag) fLX(IE 2((5)) ;Eg; %uf(s)q(s))ﬂ(d’rl) ,U'(drz)
= max n(E) | n(E) - Y ool dr
a J‘(AS) i (2 p(E)  p(E) q(F)( i qh))l"(d 1) u(dry).
Defining
o n(E)  n(E)
)= ) pim) 1

= Ste (2L ) o),

where
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COMPETITIVE INFORMATION DISCLOSURE 1999

Consider two events E, I’ € £, such that E # E'. We want to show that the ratio
of z(E") to z(E) goes to zero ps-a.s. as t — co. Now

Loa(E) L (n(E)  n(E) p(E) | plE) o(E)

(18 (&) t1g<p<E'> pE)n(E) nE) q(E)
T (ME) PN T ()

2! g(p(E’) n<E>) 7 g(q@))

By the law of large numbers, we have

1, w(E) o r(E') p(E) ’
tl & x(E) JASI g(p(E’) r(E))’uE(d )-

Since E # E', by the definition of &,, it must be that r(E')/r(E) is different
on some strictly positive p-measure. The reason is that if »(E')/r(E) is constant
p-a.s., then forall se Fand s € I,

so E U E' € £,, which contradicts the fact that £, is the smallest such partition of
S by definition. By Jensen’s inequality,

LS log (;g; %) p(dr) <log (LS ;g% l; ((g e dr))

where the strict inequality is due to the fact that »(£') /r(E) is nonconstant pz-a.s.
Thus, (1/t) log(z/(E')/%(E)) converges to something strictly less than zero. Hence,
it must be that log(z(E')/z(E)) — —w or z(E') /z(E) — 0 for all E' # E. By domi-
nated convergence, this implies that

lim W' (g, q) = Eq(E)J(M),m?X (li{“ %) pe(dry) o p(dr)

= EQ(E)J‘(AS)’maX(Ui *qe)p(dry) o pe(dr,)
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From lemma 6 and the definition of u¢, we have

(S0 7 elar) = Sp(Eymax( Sl 1)
q(E)

= Spemax (U5 g ) = SoEmaste - g),

Wpe, q) = L

so lim, W'(u, ¢) = W(ue, ¢). QED

2. Proof of Theorem 3

We now prove that when « > 0, there always exists a full-information limit equi-
librium. We will be considering only simple strategies, so without loss we will con-
sider only payoff beliefs in AS. We will also be making use of the preliminary re-
sults in the previous section, which uses some of the notation from Section IV.C.
Given any ¢ > 0, let D, © AS be the set of beliefs such that the buyer’s stopping
payoff is at most g-away from his full-information payoff. In other words,

D, = {q € AS‘q . u(q) = W(/l’ ’1) - 8}’

where p is the fully informative strategy. Let M, be the set of simple strategies that
putweight onlyin D,, thatis, u(D,) = 1forall p € M,. Denote IL (g, ») as the profit
of a seller for using simple strategy v if all other sellers are using simple strategy u,
that is,

L (4, ) = waw)v(dq),

and define the best-response correspondence ¢, : M, 3 M, such that for v € ¢.(n),

0 (p, v) = I, (p, v')

for any other simple strategy »'.

We first show that we can restrict ourselves to simple strategies and these best-
response correspondences without loss of generality.

LEMMA 8. Suppose 6 = (6¢, ¢') is optimal given a simple strategy o. Then the
simple strategy o' is also optimal given o.

Proof. Since ¢ = (0¥, ") is optimal given o, it solves

mkaxJQ’(ﬂ)r(q) (1 - B)K; + BKy |(dr).

G

Note that since o is simple, we can work with payoff beliefs when buyers go back
to the market. Define p#¢ = K and p’ == KJ and suppose

JQ,@W(T)ug(dT) i [ w(r)u'(dr).

JQ.(o)
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COMPETITIVE INFORMATION DISCLOSURE 2001

In this case, if the seller were to use the strategy (8¢, 6), where ¢ is the indepen-
dent version of ¢¢, then she would earn a strictly higher profit violating the op-
timality of ¢. Thus,

JQ,(a)W(T)Mg(dT) = J w(r)p'(dr).

Q(0)

Moreover, since the seller can always set ¢¢ = ¢’, it must be that

J r(r)uwr):j r(r)u(dr).
Q.(0) Q.(0)

Thus, by using the simple strategy o', the seller can achieve the same optimal
profit. QED

The main idea is that we will construct a sequence of equilibrium payoffs that
converges to the buyer’s full-information payoff as search costs vanish. For each
g, we will find some small enough search cost ¢ such that ¢ (u) is nonempty for
all p € M,. We will then use the Kakutani-Fan-Glicksberg (KFG) theorem to show
that there exists an equilibrium strategy u € M,. Hence, as ¢ — 0, we can find a
sequence of decreasing search costs and corresponding equilibrium strategies
p € M, such that the buyer’s payoff converges to W (g, p).

First, we show that the domain M, satisfies the usual conditions so that we can
apply KFG.

LemMma 9. M, is a nonempty, compact, and convex metric space.

Proof.  To see why M, is nonempty, note that the fully informative strategy p
puts weight only on degenerate beliefs, so i(D,) = 1 and p € M,. The convexity
of M, follows trivially. To see why M, is compact, note that since ASis a compact
metric space, the set of all simple strategies is also a compact metric space by the-
orem 15.11 of Aliprantis and Border (2006). By their theorem 3.28, it is also se-
quentially compact. We now show that M, is also sequentially compact. Consider
the sequence p,, € M, so it has a convergent subsequence p, — . Since p,, are all
strategies, it must be that

quu(dq) = 1igan_qm(dq) =P

so p is also a simple strategy. Moreover, since p,(D,) = 1 and D, is closed, by the-
orem 15.3 of Aliprantis and Border (2006),

p(D.) = lim supp,(D,) = 1,

so u € M,. Thus, M, is sequentially compact and therefore compact. QED

Next, we show that ¢, is convex-valued. The proof follows directly from the fact
that expected profits are linear in strategies.

Lemma 10. ¢ (p) is convex for all p € M,.

Proof. Letw,, v, € ¢, (p) and consider v = ar; + (1 — a)v, for some a € [0, 1].
Note that » is also a strategy and

I (p,v) = all(p,v) + (1 = a)ll(p, v2) = IL(p, ¥)

for any other strategy »'. Hence, v € ¢.(1), so ¢.(p) is convex. QED
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As an intermediary step, we show that the buyer’s value function is jointly con-
tinuous in both strategies and posterior beliefs.

LemMma 11. The buyer’s value function V, is continuous in (u, ¢) and convex
in ¢

Proof.  Fix some ¢ > 0 and suppose that all sellers are using the strategy p. If
the buyer searches once, then his payoff is

Vi, q) = —c+ W(n, q).

Using the expression for Wfrom lemma 6, we see that Wis continuous by corol-
lary 15.7 of Aliprantis and Border (2006). Moreover, since support functions are
convex, Wis also convex in ¢. Hence, V' is continuous and convex in ¢, and de-
fine a sequence of finite-period value functions iteratively where

V)= =t || ma (maxd, (), VG 0y 0) b )

N

Recall from equation (A3) that

= r s@
pldr) = wldr)a(s) 5

and also note that ¢,(r) is continuous in ¢. Hence, applying the same argument
for V' inductively, we conclude that V/ is continuous and convex in ¢. Since V!
converges uniformly to the value function V, the latter is also continuous and con-
vex in ¢. QED

The next step is to show that the best-response correspondence ¢, takes on non-
empty values so we can apply KFG. While this may not be true in general, we will
choose ¢ small enough such that this holds. Set € > 0 such that it is less than the
minimal nonzero difference between the buyer’s full and partitional information
payoffs. In other words, choose & such that whenever W(g, p) > W(ue, p) for any
limit partitional strategy pe, then

>

£ < Wi p) — Wine,p).

Note that such an & always exists as there are only a finite number of partitions
of S.

We now show that for all ¢ < &, we can always find a search cost ¢ small enough
such that ¢, takes on nonempty values on M.. The main idea is as follows. Recall
that D, is the set of beliefs such that the buyer’s payoff is e-close to his full-
information payoff. Now whenever p sends the buyer only to beliefs in D, for
some ¢ < g, then the definition of & ensures that the buyer’s payoff under p ap-
proaches that of full information as search costs vanish. Hence, the buyer will
stop only if he gets close to his full-information payoff, so we can find a search
cost ¢ small enough such that the stopping set Q (u) is completely contained in
D, for all p € M,. Since any optimal best-response strategy » € ¢, (p) will not send
the buyer outside his stopping set, it must be that » also puts full weight in D,, so
v € M, as well.

Lemma 12, If ¢ <&, then there exists a ¢, > 0 such that for all ¢ < ¢, ¢.(u) is
nonempty for all p € M.
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Proof. Lete < & We first show that for every p € M,, the value function V,(u, q)
converges to W(g, ¢) uniformly as ¢ — 0. For each search cost ¢, suppose the buyer
searches ¢, times, where ¢, is the largest integer less than ¢ so f,¢ < ¢”. Since the
buyer can always do this, his value function is at least his payoff from visiting ¢, sell-
ers. In other words,

Vi, q) = —tec + Wn, g) 2 —c* + W'(p, q).

As ¢—0, t, > o, so lim inf,V, (g, ¢) = W(pe, ¢) from lemma 7.
We now show that W(ue, ¢) = W(g, ¢). First note thatsince u(D,) = 1, the def-
inition of D, means that p-a.s.

maxr - u; > W(p,r) — e

Note that the lefthand expression is convex in 7; so if we let r = Zpee r(E) 1, then
p-a.s.

> V(E)m?x(rh- S > max(E V(E)n-) cwp > W, r) — &

E€E, ! E€é,

Since 1, = pp p-as. for all £ € &, rearranging we have that p-a.s.

e>Wp,r) — > r(b)max(p ).

Eeég,

Note that the buyer’s full-information payoff W(g, r) is linear in . Hence, taking
expectations with respect to p yields

&= W(g, p Ep rnax s w) = W(, [7) = W(pe, [7)

Ee€,

By the definition of &, this implies that W(g, p) = W(ue, p). From lemma 6, it is
straightforward to show that this implies W(ue, ¢) = W(g, ¢).

We thus havelim inf, V, (u, ¢) = W(g, ¢). Since g is fully informative, this im-
plies that the buyer’s value function converges to that of full information as search
costs vanish, thatis, V, (u, ¢) = W(&, ¢). We will use Dini’s theorem (theorem 2.66
of Aliprantis and Border [2006]) to show that this convergence is uniform on the
domain M, x AS. Note that M, x ASis compact by lemma 9 and V,is continuous
by lemma 11. Since V,, is decreasing monotonically, V, (g, ¢) = W (g, ¢) uniformly
by Dini’s theorem. Hence, we can find some ¢, > 0 such that

|V.(n, q) — W(p, q)| <e forall (g, q) € M, x AS.
This implies that for all ¢ < ¢,
Q.(n) © Qu(n) = {q<ASlg-ulg) = V.(n q)}
C{qeASlqg-ulqg) = W(n q) — ¢} = D

If v is a best-response strategy to any u € M,, then by the same argument as in
lemma 5, » must have full support in the stopping set, that is, »(Q.(u)) = 1.
Hence, »(D,) > v(Q.(p)) = 1, so v € M, as desired. QED
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Going forward, we assume ¢ < &. The last step before we can apply KFG is to
show that ¢, has a closed graph. In general, this may not be true, but again we will
find & small enough such that this holds. Let u, — g, v, € ¢.(p,), and v, — p. If
we can show that » € ¢,(p), then ¢, has a closed graph. Let v* € ¢,(p) be a best-
response strategy to u. Recall that H;is the set of beliefs in which u;is chosen under
no information, assuming ties are resolved in the seller’s favor. The first step is to
find & small enough such that whenever »* recommends some product i, that is,
v*(H;) > 0, then we can find some state s € S where 1, € H; as well. For instance,
in the vertical differentiation example of Section III.C, this means that the optimal
strategy never recommends the low-quality TV. In figure 5A of Section IV, this
means that D, is close enough to the vertices such that the seller will never recom-
mend product 4.

Let Au denote the smallest nonzero difference between buyer payoffs across
all products at all degenerate beliefs. In other words, Au < |u;(s) — w(s)| for all
i, jand s € S, where u;(s) # w;(s). Define € > 0 such that for every ; > w;,

- ™, — T;
< | L—)Au.
T

This is the smallest profitable profit deviation for the smallest difference in buyer
payoffs. Note that this is well defined as the number of products and states are
both finite. Set &* = min{g, £}.

LEmMMaA 13. Lete < ¢*. Then v*(H;) > 0 implies 1, € H; for some s € S.

Proof.  'We will prove this by contradiction. Suppose v*(H;) > 0 for some prod-
uctiand 1, & H,foralls € S.Sincee <&, v* € M, sowe know thatv*(H; N D,) > 0.
Now, consider a belief ¢ € H; N D,. We will show that providing full information at
gwill yield a strictly higher profit for the seller, which contradicts the fact that »*
is a best-response strategy. Let S; C S denote the set of states such that product ¢
is buyer-optimal, that is, %;(s) = u(1,) for all s € S;. Since 1, & H, for all s € S by
assumption, this means that for every s € S, either s & §; or s € S;; but there is an-
other buyer-optimal product that is more profitable for the seller, that is «(1,) >
m; > m; for some product j. Hence, by providing full information at ¢, the seller
will get profit

Sals)w(1) = > q(s)n(1,) + S q(s)m = ;> q(s) (A4)

seS SES; SES; SES;

as all profits are positive. Since g € H; N D,, we know that

q-w=q-u(g) =Wk q) —e

Rearranging,
#2 Sq0)[u(1) — u(s)] = Sgllu(l) - w) = (Au) 3 g(s).
This implies that
Sq() =1-Sa)=1 -5,
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Combining this with inequality (A4), we get

& ™
Sqr(t) 2 (1= ) = o>,

SES

where the last strict inequality follows from the definition of . Since providing
full information at ¢is more profitable for the seller, »* cannot be optimal, yield-
ing a contradiction. QED

The next step is to show that we can find a sequence of strategies v, that ap-
proximates the seller’s optimal payoff with arbitrary precision.

LEMMA 14, Lete <&, Then there exists a sequence of strategies v such that

I, (g, vn) — XL (s, v%).

Proof.  We are going to partition the stopping set Q .(u) into different regions
corresponding to the different products. In other words, define Q' := Q,(u) N H;
so all the Q' together form a partition of Q.(u). For each product such that
¥*(Q') > 0, let ¢’ be the v™-average belief in Q, that is,

i

1 s
q = WJQ’QV (dg)-

Note that ¢' € Q' since Q'is convex. Since »" is a strategy, the prior  must be the
v"-average of the beliefs ¢'. Moreover, since each »*(Q) is strictly positive, p must
be in the interior of the convex hull of all ¢’

Note that if every ¢'is in every stopping set Q,(u,), then a strategy with supports
on ¢'will give the seller exactly the optimal profit II.(u, »"), and we are done. Un-
fortunately, ¢’ may not be in Q,(u,), which means that the limit profit from such a
strategy may be less than I (u, »"). To overcome this, we will construct a sequence
of beliefs ¢; € Q,(p,) such that ¢; — ¢’ and the profits from a sequence of strate-
gies with supports on ¢; converge to IL (i1, »*). We do this as follows. For each prod-
uct 7 and signal p,, define N, = 1if ¢’ € Q; and

C
e+ Vilp ¢) — ¢ -,

i

n =

otherwise. Note that in the case of the latter, V,(u., ¢') > ¢' - u;, so N, < 1. Finally,
define ¢, = N,¢' + (1 — N,)1,,where 1, € H, as guaranteed by lemma 13. Since V,
is continuous by lemma 11,

Vil ¢) = Vo ¢') < ¢ - w,

where the inequality follows from the fact that ¢' € Q,(u). By the definition of N},
this implies that \, — 1 and ¢, — ¢'. Since pis in the interior of the convex hull of
the average beliefs ¢, for large enough #, pis also in the convex hull of the beliefs
¢.- Hence, for each n, we can define a strategy vy with finite support on each ¢;
such that v, ({¢.}) — »*(Q").
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Finally, since V,(u,, +) is convex,

Vilpns ¢) < NVl ¢) + (1= N) Vil 1)
= xi}‘/p(ﬂny ql) + (1 - )\:1)(76)
=N(¢ - w) < q - uw.

Hence, each ¢, € Q.(n.), so

0, (e, v) Eﬂ',,l/n {g.}) = Smv*(Q) = I (p, v*)

as desired. QED

In this last step, we use the sequence of strategies v, that converges to the op-
timal strategy »* to show that the limit strategy » is also optimal. This proves that
¢, has a closed graph.

LemMma 15. If e < &%, then ¢, has a closed graph.

Proof. Let p, —p, v, € ¢.(n,), and v, = ». We want to prove that v € ¢.(u).
First, we show that »(Q,(g)) = 1. Note that »,(Q (u,)) = 1 for all n, as otherwise
the seller can profitably deviate by providing information at any belief that is
not stopping. In order to prove that »(Q.(n)) = 1, we will show that the stopping
set mapping Q. is upper hemicontinuous and takes on nonempty, closed values.
We can then use theorem 17.13 of Aliprantis and Border (2006), which says that
in this case, »,(Q,(g,)) = 1forall nimplies that »(Q (1)) = 1. Note that the non-
emptiness and closedness of Q. are trivial (the latter follows from the continuity of
the value function from lemma 11). For upper hemicontinuity, suppose (tu, ¢.) —
(p, q), where ¢, € Q. (p). Thus, ¢, - u(q.) = V.(pw, ¢.), so by continuity again,
q-u(q) = V.(p, q), implying ¢ € Q.(n). Hence, Q, is upper hemicontinuous, so
applying the theorem yields »(Q, (p)) = 1.

Since »(Q.(p)) = 1, the seller profits are I (u, v) = [ m(q)v(dq). Since = is up-
per semicontinuous, the expected profit of the seller is also upper semicontinuous
with respect to strategies (see theorem 15.5 of Aliprantis and Border [2006]). Us-
ing v, as defined from lemma 14, we thus have

IL(p, v) = ngr(q)v(dq) > lim supng(q)un(dq) = lim sup H(p,, »,)
> mlL, (p,, vi) = IL(p, »") > I (, »).

In other words, since the payoffs from the optimal strategies », must be higher
than those of the approximate strategies v, and the profits of the latter converge
to that of the optimal strategy »*, so must the profits from »,. Thus IL (u, v) =
IL(p, v*), so v € ¢,(p) as desired. QED

Finally, we put everything together. Consider a sequence of ¢, — 0 such that
e, < &" and let ¢, be such that ¢, is nonempty as guaranteed by lemma 12. Com-
bined with lemmas 9, 10, and 15, the preconditions of KFG (corollary 17.55 of Ali-
prantis and Border [2006]) are satisfied, so there exists an equilibrium p, € M, .
Moreover, from lemma 12, we know that |V, (u., ¢) — W(g, ¢)| <&, — 0, so the
buyer’s value function converges to his full-information payoffin the limit. We have
thus constructed a full-information limit equilibrium as desired. QED
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3. Proof of Lemma 4

Suppose « > 0 and 8 > 0. First, suppose 8 = 1, so there is no coordination. Thus,
we can just work with payoff beliefs and associate a strategy o with its posterior dis-
tribution p = Kj as in Sections B.1 and B.2. Consider a sequence of decreasing
search costs ¢, — 0 and associated equilibria p, such that the buyer value functions
V., (pns ) converge to the limit function V*. Since the set of simple strategies are
compact, we can assume p, — p for some simple strategy p. Let £ be the partition
induced by p and p¢ be the simple strategy corresponding to revealing £. We will
show that V*(p) = W (e, po)-

Let ¢, be the largest integer less than ¢,”, so the buyer’s value function is at
least his payoff from visiting ¢, sellers, that is,

Vo (s @) = —tuco + Wty q) = = + W (g, q).

Since t, — o as ¢, — 0, we can assume ¢, > T for some T without loss of general-
ity. Thus,

Vo (s q) = = + W (1, q)

as ¢, rounds of information is more informative than 7 rounds of information.
Since p, — p and W7 is continuous, by taking limits, we have V*(¢) = W’ (u, ¢).
Since this is true for all 7, we can take T — o0, so W (u, ¢) — W (pe, ¢) by lemma 7.
Thus, V*(q) > W(pe, q)- To see why V*(po) is weakly less than W (ue, f), note that
since p, is an equilibrium, by lemma 5,

V(s o) = —o + Jq w(q)n(dg) = —c + Wgns ).

Taking limits, we have V*(p) = W(u, pp) < W(pe, o), where the inequality fol-
lows from the fact that . is more informative than u. This proves that V*( p(,) =
W (e, po), so all limit equilibria are partitional.

Now, suppose 8 < 1. Consider a sequence of equilibria ¢, = (0%, 0) and let p,
be the corresponding posterior distributions on AS for o). As above, let u be
the limit of p, and & be its induced partition. We will now show that v (py) =
W (pe, po)- Let t, be the largest integer less than ¢,”, and for any s < ¢,, let P"(k)
denote the probability that the buyer receives at most x draws from the indepen-
dent policy o), out of a total of ¢, total draws. Hence, the buyer’s value function is at
least his independent payoffs from visiting ¢, sellers, that is,

Vo.(ana QI) el PIH(K) -0+ [1 - Pt(KH WK(M”N ‘1)
> =’ + 1= P (k)] W (s ).

Recall that 3 is the mean of this binomial distribution and suppose « < 8¢,. By
Hoeffding’s inequality,

P’”(K) < o A/

and

V(00 q) = —cf + [1 - 6'2“"‘3'“)2/’”] W (Bas ).
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If we let k, = Nt, for A < (3, then

V. (0,,q) > —c) + [1 - E’%‘H)z’”] W (s q)-

Since ¢, — o as ¢, — 0, we can assume /, > T for some 7T without loss of generality.
Thus,

V(onq) = e+ (1= e Wy g)

as t, rounds of information is more informative than 7" rounds of information.
Since u, — pand W7 is continuous, taking limits we have V*(q) > W7 (g, ¢). Since
this is true for all 7; we can take 7'— o, so W' (u, ¢) = W(ue, ¢) by lemma 7. Thus,
V*(q) = W(ue, q) and in particular V*(py) = W (ue, fr) as desired. QED

4. Proof of Theorem 4

Suppose a > 0 and 8> 0 . Let £ be the partition induced by the limit p of the
independent policies p, as in the proof of lemma 4 in Section B.3. We will prove
that all events in & are trivial by contradiction. Suppose otherwise and let 7 C &
denote the set of nontrivial events in the partition. By the premise, forevery E C F,
i is fully improvable, that is, 7(p:) < II(p:), where I is the full-information profit.
Define the strategy » that is essentially the same as the partitional strategy us but
provides another round of information according to full information at p; for
every £ € F. As a result,

[| #@uetda) = Sr(pip(e) < | atawtan). (A5)
JAS EeE AS
Now, since » has support only on either trivial or degenerate beliefs, »(Q, (0,)) = 1.
Given that o, is an equilibrium, x, must be optimal given o,, so

AS

|| #(@wtaq) = timsup | w(qu(ag) = | w(q)vidy). (A6)

We now show that the monopoly profits from p and p. are the same. First, note
that by lemma 5, we have that u,(Q, (s,)) = 1 for all n. Since V, (0,,-) — V* and
B, — p, we can use theorem 17.13 of Aliprantis and Border (2006) as in the proof
of lemma 15 to obtain that

w{geAS|g-ulg) 2 Vi(g)} = 1.

Moreover, since V*(q) > W(ue, ¢) from the proof of lemma 4 above, this implies
that

plg e ASlg- ulg) = W, 9)} = 1,

so ¢ - u(q) = W(pe, ¢) pa.s. Thus, if we let J¥ denote the posterior distribution
corresponding to revealing £ to a buyer with belief ¢, then we have p-a.s.

0-ule) = | e utin) = 3w = S -,

i
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where

1 £(dr
" T ) J (dr)

for Jf(H;) > 0. If we let ¢ € H,, then this implies that J°(#;) = 1. Thus,

JASW(‘])MS(dl]) = LS UAS‘lr(r)]f(dr)} p(dq) = J w(q)u(dg).

AS

However, this contradicts inequalities (Ab) and (A6) above. Hence, all events in
& are trivial, so by lemma 4, all limit equilibria must be full-information as de-
sired. QED
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