UCLA Economics Dept
QUANTITATIVE METHODS
SPRING 2000

Spring 2000 Quantitative Methods Comprehensive Examination

There are three sections with two questions in each section. Please answer all the
questions; use a separate blue book for each of the three sections. A set of tables for the
normal and chi-square distributions are given at the end of the exam.

SECTION I. (Use separate blue book)

1. Let X have a binomial B(1,1/2) distribution with Pr(X = 1) = 1/2. Conditional
on X = z, the random variable Y has a Poisson distribution with parameter A(1 + z):
(A1 + z))¥ exp(—A(1 + 1))

PrlY =yl X =1z)= " )

forzr=0,1,andy=0,1,....

(a)‘ Calculate Pr(Y = 2).

(b) Calculate Pr(X = 1Y = 2).

(c) Find an unbiased estimator for A that is a function of Y alone.

(d) Find the variance for this estimator.

(e) Calculate the maximum likelihood estimator for A (given the pair (X,Y)).
(f) Calculate the variance for the maximum likelihood estimator in (e) conditional E}n
X and compare it to the (unconditional) variance in (d).

2. Let the distribution of X have probability density function

1
Fx(@;2) = SAexp(~lal),
for —0o < £ < 0. Let 1, ... ,zn be a random sample from this distribution.
(a) Calculate the mean and variance of X.

(b) Find a one-dimensional sufficient statistic for A.

(c) Let N = 20, " 2, = 20, =N ;| = 100, 3L, 27 = 200. Find the maximum
likelihood estimator. (d) Test the null hypothesis

H() . = 0125,



against the alternative hypothesis
H; : A # 0.125,

at the 5% level using a likelihood ratio test.

(e) Test the same null hypothesis using a Lagrange multiplier (score) test.

(f) Test the same null hypothesis at the 10% level using a Wald test.




SECTION II. (Use separate blue book)

1. Suppose that

*
yi =20 +&
T =] VY
Zi =7 -7

where z}, €;, v; and 7; are independent random variables and (z¥, £, ¥4, 7:) is independent
and identically distributed over .

You observe (y;, z;, 2;) for i = 1,2,...n, and you are interested in estimating 3.

Answer the following questions under the assumption that all relevant moments exist.

(a) Under what conditions is the OLS estimator

B _ Z?:l YiZi
oLS = _—271. 3

i=17Ti

consistent for 37
For the remaining questions assume that E[v;] = E[m] = 1.

(b) Let o be a fixed real number between 0 and 1. Under what conditions is

oy oy + (1 — o) yizi

IB - Z?:l Tizi

consistent?
(c) Derive the limiting distribution of V(B — 3), where § is defined in (b).
(d) What is the best choice of a?

In parts (c) and (d) assume that the conditions of part (b) hold so that that B is
consistent. ‘



2. Suppose that it is known that

3)-(5))=~((5) =)
n ~ -_ — N 3 2
vn (( Ba Be 0
where ¥ is unknown, but can be consistently estimated by 33

Using these estimators and a sample of size n = 100, you estimate (5, and (3; to be 0

and —1, respectively. Your estimate of X is ( i ; )

(a) Construct an asymptotically valid 95% confidence interval for exp (61).
(b) Construct an asymptotically valid 95% confidence interval for (3, 0,.

(c) Justify your methodology of parts (a) and (b).



SECTION III. (Use separate blue book)

1. Suppose that fori =1,...,n,

Q;
Ti1
zo | "X N(,T),
Uit
Ui2
where
02 Oar Oaz 0 O
Oz 02 0 0 O
Y=| 00 0 o2 0 O
0 0 0 o2 0
0 0 0 0 o2

Suppose also that for: =1,... ,nand t=1,2,
Yit = 04 + BTiy + Ut

(a) Let b denote the OLS coefficient in a regression of yi on z;; (without a constant).
Derive the probability limit of b as n — oo.

(b) Let b, denote the OLS coefficient in a regression of y; — % on Zy — Z, where
Ji = 3(ya + vi2), and T; = 1(xi1 + Ti2). Let by denote the OLS coefficient in a regression
of (yi2 — ¥i1) on (Zs2 — xi1). Show that

(c) Derive the probability limit of by as n — oo.

(d) Derive the limiting distribution (as n — oo) of
Vn(bg — B).
Try to obtain as simple an expression as possible based on the given assumptions.

(e) Suppose that instead of xz;; you observe
Wi = Tit + €it

5



where ¢; is N(0,02), independent across both i and t, and independent of all other
variables. Derive the probability limit of the within estimator that uses w; in place of
Tit-

2. We are interested in estimating parameters of a production function for price-taking,
competitive firms. For ¢ = 1,...,n, let y; denote the output, {; the labor input, and
k; the capital input, for firm ;. We also observe p;;, the wage rate faced by firm i, and
Pki, the cost of capital for firm 7. (All variables are in logs). Suppose that the following
holds:

¥vi = Yo+ b+ voki + v
li = oo+ opy + QePri + Uin
ki = B0+ Owpu + BaPri + Uiz

Assume that the prices are “fixed” and that
Ui

Uiy i N(0,L).

Uj2

(a) Derive the reduced form associated with this system of equations.

(b) Describe the Indirect Least Squares (ILS) estimator for the structural parameters.
In particular, obtain expressions for the estimates of v, and 7,.

(c) Explain the indirect generalized least squares (IGLS) approach for a general SEM,
and comment on whether there would be an efficiency gain in the particular case given
here.

(d) Describe the 2SLS estimator and explain how it relates to the ILS estimator described
in part (b).
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