UCLA Fall 99 QUANTATATIVE METHODS

Core Exam
There are three parts to this exam. From each part choose two out of the three questions.

Choose two out of the following three questions.

L. Let the random variable X have a discrete distribution with Pr(X = i) = 1/6 for
i=1,2,...,6. Conditional on X = z, the random variable Y has a normal distribution
with mean y + = and variance one.

(a) Find the conditional probability that X=1givenY =y.
(b) Calculate the mean and variance of Y (marginal, not conditional on X).

)

)
(c) Calculate the Cramer-Rao bound for .
(d) Find an unbiased estimator for 4 with variance equal to the Cramer-Rao bound.
)

(e) Let (x1,%1),---,(ZnN,yn) be a random sample from this distribution. Find a one-

dimensional sufficient statistic for p.
(f) Find the maximum likelihood estimator for p.
2. Let X1, Xa,...,Xn be independent random variables with normal distributions with
mean and variance both equal to 6.
(a) Find an unbiased estimator for 6.
(b) Is there an unbiased estimator with variance equal to the Cramer-Rao bound?

)

)
(c) Find the maximum likelihood estimator.
(d) Find the asymptotic variance of the maximum likelihood estimator.
)

(e) Given that N = 10, ¥ z; = 40, and Y- z2 = 200, test the null hypothesis that
0 = 5 at the 5% level against the alternative hypothesis that 6 differs from 5 using
a likelihood ratio test.

(f) Test the same null hypothesis using a Wald test.

3. Let X be a random variable with a Gamma distribution with probability density
function

zexp(—z/f)
B2 ’

for £ > 0 and zero elsewhere.

fx(z;8) =




(a) Find the moment generating function of X.
(b) Calculate the mean and variance of X.

(c) Show that if Y and Z have independent exponential distributions with mean £,
then the distribution of W =Y + Z is the same as the distribution of X.

(d) Let z1,%,...,zy be a random sample from this distribution, with N = 10,

N | x; = 400. Calculate the maximum likelihood estimate.

(e) Estimate the variance of the maximum likelihood estimator.




Choose two out of the following three questions.

1. Suppose you have n independent observations {(y;, X;)};-, from the k-variate classical
regression model, ¥y = X3 + €, where g linearly independent restrictions of the form
RB3 = r hold.

(a) Derive the restricted least squares estimator of 3.

(b) Derive an unbiased estimator for the variance of y; for the restricted model.

2. For each one of the following claims show whether they are true or false.

(a) For the simple regression model y = y + ¢ with homoskedastic but equicorrelated
errors (i.e. war (g;) = var(g;) and corr (g;,¢;) = p for all i # j), the OLS
estimator of y is consistent.

(b) For the k-variate regression model, y = X 3+¢, the fit as measured by R? does not

change if we transform the X matrix by postmultiplying it by a k X k non-singular

matrix.

3. Consider the following time series model:
Y,=d1Yi1 + Yo+ & t=..,-1,0,1,...

where ¢; = 0.3, ¢ = —0.02, and ¢; follows a white noise process with mean 0 and
variance 1, that is uncorrelated with all past Y’s.

(a) Is the process Y; weakly stationary?

(b) Suppose you don’t know ¢; and ¢,. Assuming you have a sample of T' observations
(Y4, ..., Yr) and you know that the €,’s are i.i.d. with a normal distribution demon-
strate how you would estimate the unknown parameters of the model. Discuss the
finite sample properties (bias, variance) and asymptotic properties (consistency,
asymptotic normality) of your estimator.




Choose two out of the following three questions.

1. Suppose that z; measures years of schooling, and y; measures earnings, for individuals
i=1,...,n. In the sample, y; is observed to be 0 for some individuals and positive for

others. Consider the following model:
¥ = a+ Bz + €,

€; I'L‘(’i N(O, 02)’

¥y = 0ify; <0

(a) Write down the likelihood function and explain (without giving proofs) the prop-
erties of ML estimation in this case.

(b) Let &, (3, and & denote the ML estimates of a, 3, and o, respectively. Provide an
estimator of the marginal effect of an additional year of schooling on average earnings:

OF (yi|z:)
ax,- '

Explain why your estimator is reasonable. Is the estimator consistent?

(c) Explain how to estimate the function h(z) that minimizes
E (3 — h(@))?].
If we are limited to using functions h(z) that are linear, how would you estimate it?
2. Consider a linear model
v = ;8 + éi

where z; is a K x 1 vector of variables, which are possibly correlated with the distur-
bance ¢;. We have a J x 1 vector (J > K) of instruments z;, which satisfy £ (z:€;) =0
and E(z;x}) is nonsingular.

Consider the IV estimator which solves
/1 ! 1
min (= S (- 9) A7 (7 Tt - 9)).

4




(a) If J = K, does the choice of A, affect the solution of the minimization problem?
Explain your reasoning.

(b) Show that 2SLS is a special case of the general estimator given above.

(c) Which choice of A, leads to optimal estimates within the class of IV estimators,

under general heteroskedasticity? If in fact the disturbances are homoskedastic, will

this choice of weight matrix still be optimal?

. Consider a firm with a Cobb-Douglas production technology
Y = ALMK™.

where y1 + 72 < 1.

(a) Suppose we observe Y,L, K for a random sample of firms. One might try to
estimate 7; and 7, by running a least-squares regression of log Y on a constant, log L,
and log K. Are there any conditions under which this would be a consistent and/or

unbiased estimator?
(b) Briefly describe how panel data on firms can be used to estimate ¥, and 7y,. What

are the key assumptions that justify this approach?

(c) Let p, be the price of the output, and p; and py be the prices of labor and capital.
Show that if the firm is a price taker and chooses inputs to maximize profits,

"= E—Ii
PyY
and
Y2 = Pk
pyY

Suppose that you observe py, pi, pi In addition to Y, L, K for a sample of firms. Suggest
an estimator for (71,72) that uses the price information.
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Table A.2 Chisquare cumulative distribution function Table A.2 (continued)

G() — Gi()

k 005 010 0.5 020 025 030 035 040 045 050 0.5 k 060 0.65 070 075 080 085 090 095 0975 0.990 0.9
1 000 002 004 006 010 015 021 027 036 045 0.57 1 071 0.87 107 132 164 207 271 384 502 663 7.
2 010 021 033 045 058 071 086 102 120 139 1 .60 2 183 210 241 277 322 379 461 599 738 9.21 10.
3 035 058 080 101 121 142 164 1.87 211 237 2.64 3 295 328 366 411 464 532 625 7.8 935 11.84 12
4 071 106 137 165 192 219 247 2775 3.05 3.36 w.m@ 4 404 444 488 539 599 674 778 949 11.14 1328 14.
5 .15 161 199 234 267 300 333 366 400 435 4.73 5 513 557 6.06 663 7.29 812 924 11.07 1283 15.09 16.
6 1.64 220 266 307 345 383 420 457 495 535 5.77 6 621 669 723 784 856 945 1064 1259 14.45 16.81 18.
% 917 283 336 382 425 467 508 549 591 6.35 mm.o 7 728 781 838 904 980 1075 12.02 1407 16.01 18.48 20.
8 9273 849 4.08 459 5.07 553 598 6.42 688 734 7.83 8 835 891 952 1022 11.03 1203 1336 1551 1753 20.09 21.
9 3833 417 482 538 590 639 688 7.36 784 834 886 9 941 1001 1066 11.39 1224 1329 14.68 1692 19.02 21.67 23.t

10 394 487 557 618 674 727 778 830 881 934 9.89 10 1047 11.10 11.78 1255 1344 1453 1599 1831 2048 2321 925.]
11 457 558 634 699 758 815 870 924 9.78 1034 1092 11 1153 1218 1290 13.70 14.63 1577 17.28 19.68 21.92 2472 96.,
12 523 630 711 7.81 844 9.03 9.61 1018 10.76 11.34 1 _.wm 12 1258 13.27 1401 1485 1581 1699 1855 21.03 23.34 2622 98.5
13 58 7.04 790 863 930 993 1053 11.13 11.73 1234 1297 13 1364 14.35 1512 1598 1698 1820 19.81 22.36 24.74 27.69 929.§
14 657 779 870 9.47 1017 1082 11.45 12.08 1270 13.34¢ 14.00 14 14.69 1542 16.22 17.12 18.15 19.41 21.06 23.68 26.12 29.14 31.3
15 w96 855 9.50 1031 11.04 11.72 1238 13.03 13.68 14.34 15.02 15 1573 1649 17.32 1825 1931 2060 22.31 25.00 2749 30.58 32.8
16 7.96 931 1031 11.15 1191 1262 13.31 13.98 14.66 15.34 16.04 16 16.78 17.56 18.42 19.37 2047 21.79 2354 2630 28.85 32.00 34.2
17 867 10.09 11.12 12.00 1279 1353 14.24 1494 1563 1634 17.06 17 1782 18.63 19.51 2049 21.61 2298 24.77 2759 30.19 33.41 35.7
18 939 10.86 11.95 12.86 13.68 14.44 15.17 15.89 16.61 17.34 18.09 18 1887 19.70 20.60 21.60 22.76 24.16 25.99 28.87 3153 34.81 37.1
19 1012 11.65 1277 13.72 1456 1535 16.11 16.85 17.59 1834 19.11 19 1991 20.76 21.69 2272 2390 2533 27.20 50.14 3285 36.19 385
90 10.85 12.44 13.60 14.58 1545 16.27 17.05 17.81 18.57 19.34 20.13 20 2095 21.83 22.77 2383 25.04 2650 28.41 31.41 34.17 3757 40.0

Example: If W ~ x2(6), then Pr(W < 4.20) = G(4.20) = 0.35.




